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Mnoho fyzikov je posadnutých myšlienkou nájsť teóriu všetkého. Jeden

z prvých pokusov pochádza od Theodora Kaluzu, ktorý sa pokúsil spojiť

gravitáciu a elektromagnetizmus. My sa pozrieme na zovšeobecnenie tejto

teórie, najskôr bez skalárneho poľa, berúc najprv do úvahy všeobecnú

kalibračnú grupu. Ďalej sa sústredíme už len na grupu U(1), ale pridáme

skalárne pole. Hlavným technickým nástrojom bude v oboch prípadoch

využitie pojmu vertikálny stupeň diferencálnych foriem.
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Many physicist are obsessed by finding a theory of everything. On of

the first attempts come from Theodor Kaluza merging gravity and elec-

tromagnetism. First we are going to take a look on a generalization of

this theory, yet without a scalar field, by assuming a general gauge group.

In the next part we focus just on the U(1) group, but we add the scalar

field. The main technical apparatus will in both cases rely on utilizing the

concept of vertical degree of differential forms.
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Foreword

Ones my lecturer in the elementary course on mechanics said that physics

is a Babylonian science. What he meant, is that when a part of physics

gets lost or forgotten it can be knitted back from the parts that are left.

In contrast, mathematics is based on axioms which can not be restored

once lost. The example that provided Theodor Kaluza shows that also

previously unknown parts can be knitted out of the already familiar parts.

Kaluza took the then modern "pattern" developed by Einstein, and knitted

something out of it in five dimensions and discover a little miracle. What

previously in four dimensions gave "just" gravity, in five dimensions, when

done correctly, gave in addition also electromagnetism. In this thesis we

take just a little step further and see if it is possible to unravel this theory

and knit it back together in a slightly other, arguably more elegant way

and may be also knit a bit further. And since the "patterns" of local

coordinates used by Kaluza are out of fashion and we like to go with the

newer fashion we are going to use frame fields and bundles instead. But

since scientist discovered a species who call themselves hipsters and fancy

everything "old school", in order not to discriminate them, we are also

going to mention local coordinates. What’s left to say? I hope you enjoy

reeding this thesis if only half as much as I enjoyed writing it.
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Introduction

The Klauza-Klein theory, is one of the first unified field theories, unifying

gravitation and electromagnetism in a classical way. The first attempt

was by Gunnar Nordström in 1914 [9]. However this was pre general

relativity. He used his own theory of gravitation, where the gravitational

field was given as an four-vector and the electromagnetic field by a six-

vector. He assumed the theory to take place in a five dimensional space

where neither the gravitational four-vector, nor the electromagnetic six-

vector were dependent on the fifth coordinate.

A similar idea (independently from Nordström) had Theodor Kaluza

in 1921[6]. He considered our space-time as a four dimensional part of

R5. It showed up, that the Einstein’s general relativity equations in the

5 dimensional space consists of Einstein’s equations, as we know it from

the usual 3+1 dimensional case, and Maxwell’s equations. Since we are

aware only of space and time, he argued, that the derivatives with respect

to the fifth dimension are either zero or negligible in terms of higher order,

thereby suggesting the so called "cylinder condition". This could be seen

as just hand waving.

An improvement came by Oskar Kein, whose idea was the compacti-

fication of the extra dimension and, in context of then recent discoveries

(1926) by Heisenberg, Schrödinger and de Broglie, he gave also a quantum
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interpretation of the theory. As seen in [7], he assumed that the space

is closed in the direction of the coordinate of the extra dimension with

a period l. He managed to calculate this period l = 0.8 · 10−32m which

together with the periodicity supported the theory of Kaluza. This also

gave hint why the fifth dimension might not contribute to the physics. A

more detailed tratmenrt is given in [8].

Another approach came in the thirties by Oswald Veblen and Banesh

Hoffmann [15]. Instead of using affine geometry they used projective geom-

etry. That meant, that we do not need to worry about the extra dimension,

since it gets "absorbed into" the ordinary space-time.

The approach we are going to take is a more recent one. We are going

to formulate the theory in terms of a G-principal bundle π : P → M and

a connection on P [1], [13]. What may be new is the use of vertical degree

of forms when computing connection forms.
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Chapter 1

Data of the theory

Let us consider a principal G-bundle π : P→(M, ĝ) with RLC connection
1 on M . M is a space-time (in physics 1+3 dimensional), G is a general

compact Lie group - the symmetry group of our theory. On M we have

a orthonormal frame field denoted êa, hence the coframe field is êa. The

metric tensor on M is

ĝ = ηabê
a ⊗ êb, (1.1)

and the covariant derivative:

∇̂vê
a = −ω̂ab (v)êb, (1.2)

where ω̂ab are the connection forms. In this text we are going to denote

everything which comes from M with a hat _̂.

Further, we have a G-connection on P , characterized by its connection

forms ωi. Note that this connection has nothing to do with RLC. Since ωi

are just one forms (and also linear independent) they can be used as part
1The standard name for this connection is either Riemann connection or Levi-Civita connection,

since both were great mathematicians, not to discriminate we will therefore use the abbreviation RLC

connection.(see [3])
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of a coframe field on P . So our (co)frame field on P is

ei := ξEi
ea := êha (1.3)

ei := ωi ea := π∗êa. (1.4)

Because of the connection ωi, every vector in P can be decomposed in

its horizontal and vertical parts. The vertical part is by definition the one

which projects to 0 by π∗. For the horizontal part we first need to define

a connection in P .

Definition 1. A connection on a principal G-bundle π : P → M is a(n

arbitrary) horizontal G-invariant distribution Dh on the total space P (or

anything which is equivalent to this object).2[3]

As a result, each tangent space TpP of the manifold P can be uniquely

decomposed into the sum of its vertical and horizontal parts:

TpP = VerpP ⊕ HorpP (1.5)

For convenience in the following text we use indices a, b, c for the horizontal

part and i, j, k for the vertical part of vectors on P .

1.1 Metric on P

By default we have no metric on P so our first task is to construct one.

The crucial point in Kaluza’s construction was that the components of the

metric are independent from the fifth coordinate. Only then were gravity

and electromagnetism merged. When we translate this into our modern

language, it means that we demand its invariance with respect to the action
2A connection in this sense may also be encoded into the connection form.
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of G on P . The arguments of a metric tensor g(U, V ) can be decomposed

to its vertical and horizontal parts. Therefore we can define the metric

tensor g as follows:

• g is such that horizontal vectors are perpendicular to vertical vectors.

• For the horizontal part g(horU, horV ) := g(π∗U, π∗V ).

• For the vertical part we take g(ξX , ξY ) := K(X, Y ) , where K is an

Ad-invariant metric in the Lie algebra G.

An Ad invariant metric in G can be obtained e.g. by defining the

Killing-Cartan form in the Lie algebra G

K(X, Y ) := Tr(adXadY ) ≡
〈
Ei, adXadYEi

〉
. (1.6)

This form is symmetric, bilinear and Ad-invariant. The symmetry follows

from a property of trace - operators do commute within trace. Bilinearity

follows from linearity of adX :

K(X + λZ, Y ) = Tr(adX+λZadY ) = Tr((adX + λadZ)adY )

= Tr((adXadY ) + λTr(adZadY ) (1.7)

K(X, Y + λZ) = Tr(adXadY+λZ) = Tr(adX(adY + λadZ))

= Tr(adXadY +) + λTr(adXadZ) (1.8)

Ad-invariance3:

K(AdgX,AdgY ) = Tr((AdgadXAdg−1)(AdgadY Adg−1) (1.9)

= Tr(adXadY ) = K(X, Y ) (1.10)
3 (1.9) holds, since we put the represented values of the inputs of the Killing-Cartan form and ad

is the derived representation of Ad
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Its matrix of components with respect to the basis Ei ∈ G is

kij ≡ K(Ei, Ej) =
〈
Ek, adiadjEk

〉
(1.11)

=
〈
Ek, [Ei, [Ej, Ek]]

〉
=
〈
Ek, cljk [Ei, El]

〉
(1.12)

=
〈
Ek, cljkc

m
ilEm

〉
= cljkc

m
il

〈
Ek, Em

〉
= cljkc

m
il δ

k
m (1.13)

= ckilc
l
jk (1.14)

So the metric tensor on P reds:

g = π∗ĝ +K = ηabe
a ⊗ eb + ηije

i ⊗ ej, 4 (1.15)

where ei ≡ ξEi
and ea ≡ êha

5 and ea, ei are the corresponding dual bases,

see (1.3)(1.4). Note that such metric tensor is not only G-invariant as a

whole, but it vertical and horizontal parts are G-invariant separately.

1.2 Vertical degree of forms

Let us abandon our G-principal bundle for a while to introduce the concept

of vertical degree of forms in a more general setting. We are going to

proceed as in [4].

Let us have a space L which is composed of two subspaces L = L1⊕L2

and call them 6

L ⊃ L1 ≡ vertical

L ⊃ L2 ≡ horizontal
4In general we have kij , but since these are just constants we can digonalize the matric by choseing

a suitable basis, hance get ηij
5()h indicates the horizontal lift, such that π∗êha = êa and êha ∈ HorpP .
6There is no deeper reason two call L1 vertical and L2 horizontal, we could chose it the other way

round and it would not make any difference. It is a bit like with dual spaces, you effectively can

not distinguish which space is the reference (L) and which is the dual to it (L∗), since (L∗)∗ ∼= L

canonically.
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We choose a basis in both of this spaces, ei ∈ L1 and ea ∈ L2. So the

adapted basis on L is eα ≡ (ei, ea) and the adapted dual basis in L∗ is

eα ≡ (ei, ea). Then the duality condition

〈eα, eβ〉 = δαβ ,

decomposes into four cases:

〈ea, eb〉 = δab
〈
ei, ej

〉
= δij 〈ea, ei〉 = 0

〈
ei, ea

〉
= 0 (1.16)

A general p-form α in L can be written as:

α =
1

p!
αα...βe

α ∧ . . . ∧ eβ. (1.17)

Since eα is either ei or ea, α can be alternatively expressed as:

α = α̂ + ei ∧ α̂i + ei ∧ ej ∧ α̂ij + . . . (1.18)

= α(0) + α(1) + α(2) + . . . (1.19)

where α̂ in (1.18) only contains ea. Note that α(q) in (1.19) is a well defied

object, since it is independent with respect to a change of frame, so together

with (1.18), we can use this as a definition of the terms on the right hand

side of the equation. Hence we see that a p-form α ∈ L = L1 ⊕ L2 is

characterized by another integer (in addition to p), namely q, which we

can call the vertical degree.

Definition 2. The vertical degree of α(q) is q ∈ Z.

Now we can introduce the concept of a horizontal form.

Definition 3. A p-form in L = L1⊕L2 is called horizontal, if its vertical

degree is 0 – α = α(0)

15



1.2.1 Some useful observations

One can first of all notice, that if α is horizontal, any vertical argument

makes it 0.

iejα(0) = 0 (1.20)

This can be further generalized as:

iejα = 0 ⇔ α = α(0) (1.21)

iekiejα = 0 ⇔ α = α(0) + α(1) (1.22)

ieliekiejα = 0 ⇔ α = α(0) + α(1) + α(2) (1.23)

ect. (1.24)

As the last observation, I would like to introduce a operator which gives

back the vertical degree of the form on which it is acting:

Q := jkik ik ≡ iek, jkα := ek ∧ α (1.25)

Qα(q) = qα(q) (1.26)

For the proof see appendix I.

1.2.2 Example: Calculation of the curvature forms on a G-

principal bundle

Back to our G-principal bundle. One of our desires is to calculate the cur-

vature 2-forms Ωi, since it will be helpful when calculating the connection

forms of the RLC connection.

We have in P (see (1.3),(1.4)):

eα ≡ (ei, ea), eα ≡ (ei, ea), 〈eα, eβ〉 = δαβ (1.27)

16



We decompose each tangent space L ≡ TpP into its vertical and hor-

izontal part in the sense of connection theory. Now, we see that this de-

composition matches the decomposition studied in this section, included

the meaning of vertical and horizontal.

L1 := VerTpP L2 := HorTpP (1.28)

By definition, the curvature 2-form Ω is the exterior covariant derivative

D := hor ◦ d of the connection form ω.

Ωi := Dωi := hor(dωi) ≡ (dei)(0) (1.29)

The defining properties of a connection form ω are:

R∗gω = Adg−1ω (1.30)

iξXω = X (1.31)

The infinitesimal version of the first one is:

LξXω = −adXω = −[X,ω] (1.32)

And since the Lie derivative on forms is Lv = div + ivd, this reduces to:

LξXω = diξXω + iξXdω (1.33)

= dX + iξXdω = iξXdω (1.34)

iξXdω = −[X,ω] (1.35)

Finally for X = Ej, ω = ωiEi, ei = ωi we get:

iej(de
i)Ei = −[Ej, ω

iEi] = −ckjiωiEk (1.36)

iej(de
i) = −cijkek (1.37)

17



Now, when we act by an interior product (with a vertical argument) on

(1.37) we get:

iekiej(de
i) = −cijk (1.38)

ieliekiej(de
i) = 0 (1.39)

When we recall the useful observations (1.22)-(1.24) from previous section

we conclude:

dei = (dei)(0) + (dei)(1) + (dei)(2) (1.40)

Then from (1.38) we get

(dei)(2) = −1

2
cijke

j ∧ ek, (1.41)

and from (1.37) we get

(dei)(1) = 0. (1.42)

So together we get

dei = (dei)(0) −
1

2
cijke

j ∧ ek. (1.43)

And by abusing the notation:

(dωi)(0) = dωi +
1

2
cijkω

j ∧ ωk (1.44)

=: hor(dωi) (1.45)

So we derived the celebrated Cartan structure equations:

Ωi = dωi +
1

2
cijkω

j ∧ ωk (1.46)

18



Chapter 2

KK-theory on a principle G-bundle

without a scalar field

This chapter is meant only as a mathematical exercise to hone our skills,

since in general we are not allowed to put an ansatz (like setting Φ = 0)

in to the action (or the Lagrangian). The equations obtained by such an

action often leaner than when we do it the right way - computing all the

equations from the action and only then apply the ansatz. It shows up

that in this case it is even worse, as this ansatz (setting Φ = 0) violates

a field equation for Φ. For further informations why see [12]. Nonetheless

this exercise proves itself handy when we proceed to the more elaborate

case with the scalar field.

2.1 Connection form on P

In this section we are going to calculate the RLC connection forms on P .

This can be done using an ansatz [1]. Rather than guessing an appropriate

ansatz and hoping that we have not missed some important part of it, we

are going to use the concept of vertical degree of forms. By this method we

19



can preform a rather elegant direct calculation, we need only in to know

what properties are expected from the connection forms.

This means, for the RLC connection, that we want our connection forms

to be symmetric (zero torsion)

T a ≡ deα + ωαβ ∧ eβ = 0, (2.1)

which rewritten in terms of our horizontal and vertical indexes is

0 = dea + ωab ∧ eb + ωai ∧ ei (2.2)

0 = dei + ωia ∧ ea + ωij ∧ ej, (2.3)

and metric

ωab = −ωba ωai = −ωia ωij = −ωji (2.4)

with respect to the orthonormal basis (1.3) on P . This gives

ηabω
b
i = −ηabωib,

= −ηabηbcωic,

= −ηabηbcηijωic,

ωai = −ηabηijωib. (2.5)

Our goal is to find such ωαβ so that this holds. The forms dea, dei are

already known from (1.46), and (2.1) on M

dea = −π∗
(
ω̂ab ∧ êb

)
(2.6)

dei = Ωi − 1

2
cijke

j ∧ ek (2.7)

We can rewrite this in terms of vertical degree 1

dea = (dea)0, (2.8)

dei = (dei)0 + (dei)2. (2.9)
1Since by the mapping π∗ we get only horizontal forms, Ωi is horizontal by definition and cijke

j ∧ek

has clearly of vertical degree 2.
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The connection forms are 1-forms so the decomposition in terms of vertical

degree is

ωab = (ωab )0 + (ωab )1, (2.10)

ωia = (ωia)0 + (ωia)1, (2.11)

ωij = (ωij)0 + (ωij)1. (2.12)

Now when we combine everything and add it to equations (2.2) and (2.3)

we get:

0 = (dea)0+(ωab )0∧(eb)0+(ωab )1∧(eb)0−ηabηij(ωjb)0∧(ei)1−ηabηij(ωjb)1∧(ei)1

(2.13)

0 = (dei)0+(dei)2+(ωia)0∧(ea)0+(ωia)1∧(ea)0+(ωij)0∧(ej)1+(ωij)1∧(ej)1

(2.14)

Since on the LHS of both equations is zero, the form in each vertical degree

separately must be zero. For vertical degree 0:

0 = (dea)0 + (ωab )0 ∧ (eb)0 (2.15)

0 = (dei)0 + (ωia)0 ∧ (ea)0 (2.16)

For vertical degree 1:

0 = (ωab )1 ∧ (eb)0 − ηabηij(ωjb)0 ∧ (ei)1 (2.17)

0 = (ωia)1 ∧ (ea)0 + (ωij)0 ∧ (ej)1 (2.18)

For vertical degree 2:

0 = ηabηij(ω
j
b)1 ∧ (ei)1 (2.19)

0 = (dei)2 + (ωij)1 ∧ (ej)1 (2.20)
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When we add concrete familiar objects from (2.6) and (2.7,we get from

vertical degree 0:

0 = −π∗
(
ω̂ab ∧ êb

)
+ (ωab )0 ∧ eb (2.21)

⇒ (ωab )0 = π∗ (ω̂ab ) (2.22)

0 = −1

2
Ωi
abe

b ∧ ea + (ωia)0 ∧ ea (2.23)

⇒ (ωia)0 =
1

2
Ωi
abπ
∗êb (2.24)

from vertical degree 1:

0 = (ωab )1 ∧ eb −
1

2
ηabηijΩ

j
bcπ
∗êc ∧ ei (2.25)

0 = (ωab )1 ∧ π∗êb −
1

2
Ωi

a
bπ
∗êb ∧ ei (2.26)

⇒ (ωab )1 = −1

2
Ωi

a
bω

i (2.27)

0 = (ωia)1 ∧ π∗êa + (ωij)0 ∧ ωj (2.28)

0 = (ωia)jω
j ∧ π∗êa + (ωij)aπ

∗êa ∧ ωj (2.29)

⇒ (ωia)j = (ωij)a (2.30)

from vertical degree 2:

0 = ηabηij(ω
j
b)1 ∧ (ei)1 (2.31)

⇒ (ωjb)1 = 0 = (ωij)0 (2.32)

0 = −1

2
cijkω

j ∧ ωk + (ωij)1 ∧ ωj (2.33)

⇒ (ωij)1 = −1

2
cijkω

k (2.34)
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When we combine all this together we get the connection forms on P :

ωab = π∗ω̂ab −
1

2
Ωi

a
be
i (2.35)

ωia =
1

2
Ωi
abe

b (2.36)

ωai = −1

2
Ωi

a
be
b (2.37)

ωij = −1

2
cijke

k (2.38)

The same formulas can be find [1] (see equation (5.3)).

2.2 Scalar curvature R and Hilbert action

Scalar curvature is, in general, easily calculated from the curvature forms,

see appendix II. When we do all the computing we get the final result:

R = π∗R̂ +
1

4
Ωi
abΩi

ba − 1

4
cijkci

kj (2.39)

The Hilbert action of a gravitational field is (up to a conventional fac-

tor (−1/16π)) the volume integral of the scalar curvature, regarded as a

functional of the metric tensor

SH ≡ SH [g] := − 1

16π

∫
Rgωg

where Rg ≡ R is the scalar curvature of the RLC connection on (M, g)

and ωg is the metric volume form [3]. In our case:

SH = − 1

16π

∫
P

(
π∗R̂ +

1

4
Ωi
abΩi

ba − 1

4
cijkc

kj
i

)
ωη (2.40)

So we see that the action consists of three parts. The last one is con-

stant, so it is physically uninteresting. The first term on its own is the

Hilbert action as we know it from the general relativity onM . The second

term is the action of the gauge field, so after variation we get something like
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a generalized Maxwell equation in vacuum.(When we do this for G = U(1)

we in fact get the Maxwell equations in vacuum).

2.3 Equations of motion

The equations of motion are obtained from the geodesic equations. The

acceleration is defined as

a = ∇vv. (2.41)

A geodesics is a curve on which is the acceleration zero, so it has to satisfy

the following equation:

0 = ∇vv
αeα (2.42)

0 = v̇αeα + vαωβα(v)eβ (2.43)

0 = v̇α + vβωαβ (v) (2.44)

This decomposes in to two equations in indices i, a:

0 = v̇a + vbωab (v) + viωai (v) (2.45)

0 = v̇i + vaωia(v) + vjωij(v) (2.46)

We put in the connection forms:

ωab = π∗ω̂ab −
1

2
Ωi

a
be
i (2.47)

ωia =
1

2
Ωi
abe

b (2.48)

ωai = −1

2
Ωi

a
be
b (2.49)

ωij = −1

2
cijke

k (2.50)
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So we get:

v̇i =
1

2
vavbΩi

ab +
1

2
vjvkcijk = 0 (2.51)

⇒ vi = const. (2.52)

0 = −1

2
vbviΩi

a
b −

1

2
vivbΩi

a
b (2.53)

v̇a + vbvcπ∗(ω̂ab (êc)) = vivbΩi
a
b (2.54)

In the equation (2.54) we see on the left hand side is the covariant derivative

of va which can be obtain by lifting from M . Since vi = const. we can

denote this qF a
b ≡ viΩi

a
b. So we get the equations of motion

∇̂vv
a = vbqF a

b . (2.55)

But this are the well known equations for the motion of charged particle in

an electromagnetic field due to the Lorentz force (at leas in caseG = U(1)).

2.4 Field equations

When we perform a variation, with respect to the metric tensor gab, of the

Hilbert action (2.40) we get Einstein’s equations in vacuum:

Gab = 0 (2.56)

It turns out that this is equivalent to

Rab = 0 (2.57)

So to obtain the equations of motion, we need to calculate the Ricci ten-

sor. Our data are the curvature forms Ωα
β . For a detailed calculation see

appendix III. The Ricci tensor is:

Rab = π∗R̂ab −
1

2
Ωi

c
aΩ

i
cb (2.58)
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Rai = −1

2
∇bΩi

b
a (2.59)

Rij = −1

4
Ωj

a
bΩi

b
a +

1

4
ckilc

l
kj (2.60)

So finally we get the equations of motion:

π∗R̂ab =
1

2
Ωi

c
aΩ

i
cb (2.61)

∇bΩi
b
a = 0 (2.62)

1

4
Ωj

a
bΩi

b
a =

1

4
ckilc

l
kj (2.63)

Term on the right hand side of the first equation (2.61) resembles the

stress-energy tensor of the gauge field. So the first equation looks like the

Einstein’s gravitational equation on M with an external source from the

gauge field

The second equation (2.62) is a generalized version of the Maxwell equa-

tion. It is similar to ∇bF
b
a = 0, which is the Maxwell equation in vacuum

(in a curved space). The difference is in the index i from the Lie algebra,

so there are multiple copies of the Maxwell equation for each i.

The third one(2.63) is doubtful, since this would be analogous (in the

case of electromagnetic field) to F µνFµν = const., which does not hold in

general. But after all we can not be surprised to get a strange field equation

(2.63) since we used the wrong procedure (namely ignored altogether the

scalar field) to obtain it.

This proves how dangers is to put an ansatz into the action, since two

out of three equations look fairly reasonable. In the case of the original

Kaluza-Klein theory it took about twenty years to discover this mistake,

and realizing that the original KK-theory in fact does not provide a satis-

factory unification of gravity and electromagnetism.
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Chapter 3

Kaluza-Klein theory with scalar field

for U(1)

In order to remedy the fiasco from the last chapter we need to add more

degrees of freedom. Since by adding the scalar field, we add only one

additional degree of freedom, we will reduce our calculation just for U(1).

In the case of an higher dimensional field it would be necessary to add an

tensor field to cover up all the necessary degrees of freedom. If we would

just add one scalar field, in case of a general compact Lie group, it would

be a similar mistake as in the case of no scalar field. Even if it would be

a slight improvement, it would not be the whole story.

Before we introduce the scalar field, we write down, at first, the metric

on P in terms of local coordinates (x, y), where

· x = xµ are coordinates lifted from M

· y = yp are coordinates on the fibre (p = 1, . . . , dimG)

Recall our metric on P is

g = π∗ĝ +K(ω, ω) (3.1)
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The local coordinates relate to the frame field as follows:

ea = eaµ(x)dxµ (3.2)

ei = eiµ(x, y)dxµ + eip(x, y)dyp (3.3)

The first half of the metric we get by lifting it from M :

ĝ = ĝµν(x)dxµ ⊗ dxν ⇒ π∗ĝ = ĝµν(x)dxµ ⊗ dxν (3.4)

Then, we have to take a look at the second half. First of all, it is worth

mentioning that eiµ(x, y) and eip(x, y) also depend on y. On the other hand

eaµ(x) depends only on x, since we obtain it by lifting from M . This has

to be compatible with the defining properties of ωi - (1.31) and (1.32). If

we insert this in (3.1) we get:

g = (π∗ĝµν +Kµν) dxµ ⊗ dxν

+Kµpdxµ ⊗ dyp +Kpµdyp ⊗ dxµ

+Kpqdyp ⊗ dyq (3.5)

where

Kµν = kije
i
µe

j
ν (3.6)

Kµp = Kpµ = kije
i
µe

j
p (3.7)

Kpq = kije
i
pe
j
q (3.8)

3.1 Introducing the scalar field

There are several ways for introducing the scalar field into the theory1. In

this text we are going to stick a similar approach as in [12].
1For example see [11] or [12].
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However, as in most other paper also in [12] it is done only for the special

case where G = U(1). That means for us, in order to compare (3.5) to

the metric use in [12], we have to rewrite (3.5) for U(1). That means we

have to calculate the Killing-Cartan form. But in case of U(1), it is easy,

since U(1) is abelian group, so this form is identically zero. In order to get

something interesting, i.e. something which is non zero, we have to ask,

first, why we used the Killing-Cartan form in the first place. We did that

in order to get an Ad invariant metric. And this is needed, since this was a

crucial fact in Kaluza’s construction. In the five dimensional case we need

that the components of the metric are independent of the fifth coordinate.

Only then were gravity and electromagnetism merged.

Since U(1) is abelian, Ad = id, so any metric is Ad invariant. So we

can simply choose k11 = 1. The Lie algebra u(1) = iR with a basis E1 = i.

We have just one y1 ≡ y, so the ξ1 is just ∂y. From the conditions (1.31)

and (1.32) we get:

ω1 = e1 = iAµ(x)dxµ + idy (3.9)

This gives

Kµν = AµAν (3.10)

Kµp = Kpµ = Aµ (3.11)

Kpq = 1 (3.12)

g = (π∗ĝµν + AµAν) dx
µ ⊗ dxν

+Aµdx
µ ⊗ dy + Aµdy ⊗ dxµ

+dy ⊗ dy (3.13)
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That means, the matrix of the metric tensor looks like:

gαβ =

gµν + AµAν Aµ

Aµ 1

 (3.14)

Well, the component g55 is surely not the most general one. To get some-

thing more general we can introduce the scalar field, e.g. as in [12]:

gαβ =

e2αφgµν + e2βφAµAν e2βφAµ

e2βφAµ e2βφ

 (3.15)

That means for our orthonormal frame field:

e5 := eβΦω1 ea := eαΦπ∗êa (3.16)

e5 := e−βΦξE1
ea := e−αΦêha (3.17)

Now we can see, that as an supplement to the original metric tensor,

the scalar fields provides just one additional degree of freedom, which is

not enough for a general G. On the other hand for U(1) it is enough and

gives actually the whole story.

3.2 Connection forms with Φ

To calculate the connection form on P with Φ we use as previously the

vertical degree of forms. In this case this technique proves itself even more

useful, than in the case without the scalar field, since to write down the

most general ansatz with a scalar field is a quite tricky task. This happens

mainly, because there are many places where we can add the scalar field

in an ansatz. Luckily, with this technique, we do not need to worry about

that.
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We want a RLC connection on P , i.e. to be symmetric (zero torsion)

0 = α(ebΦ)eb ∧ ea + exp{αΦ}π∗(dêa) + ωab ∧ eb + ωa5 ∧ e5 (3.18)

0 = β(eaΦ)ea ∧ e5 + exp{βΦ}dω5 + ω5
a ∧ ea + ω5

5 ∧ e5 (3.19)

and metric

ωab = −ωba ωa5 = −ω5a ω55 = −ω55
!=0 (3.20)

with respect to the orthonormal basis (3.17) on P . As before

ωa5 = −ηabω5
b. (3.21)

Our goal is to find ωαβ for which this holds. The forms dea, dωi are already

known from (1.46), and (2.1) on M

π∗dêa = −π∗
(
ω̂ab ∧ êb

)
(3.22)

dω1 = Ω1 (3.23)

The equation (2.7) reduces in case of U(1) to (3.23), since the structure

constants are zero. We can rewrite this as

π∗dêa = (π∗dêa)0 (3.24)

dω1 = (dω1)0 (3.25)

The connection forms are 1-forms so

ωab = (ωab )0 + (ωab )1 (3.26)

ω5
a = (ω5

a)0 + (ω5
a)1 (3.27)

ω5
5 = 0 (3.28)

Now when we combine everything and add it to equations (3.18) and (3.19)
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we get: (3.19) we get:

0 = α(ebΦ)(eb)0 ∧ (ea)0 + exp{αΦ}(dπ∗êa)0

+(ωab )0 ∧ (eb)0 + (ωab )1 ∧ (eb)0

−ηabη55(ω
5
b )0 ∧ (e5)1 − ηabη55(ω

5
b )1 ∧ (e5)1 (3.29)

0 = β(eaΦ)(ea)0 ∧ (e5)1 + exp{βΦ}(dω5)0

+(ω5
a)0 ∧ (ea)0 + (ω5

a)1 ∧ (ea)0 (3.30)

Since on the LHS of both equations is zero, so the form in each vertical

degree separately must be zero. For vertical degree 0:

0 = α(ebΦ)(eb)0 ∧ (ea)0 + exp{αΦ}(dπ∗êa)0 + (ωab )0 ∧ (eb)0 (3.31)

0 = exp{βΦ}(dω5)0 + (ω5
a)0 ∧ (ea)0 (3.32)

For vertical degree 1:

0 = (ωab )1 ∧ (eb)0 − ηabη55(ω
5
b )0 ∧ (ei)1 (3.33)

0 = β(eaΦ)(ea)0 ∧ (e5)1 + (ω5
a)1 ∧ (ea)0 (3.34)

Since we have only one vertical form e5 the vertical degree 2 does not

exists.

When we add concrete familiar objects from (3.22) and (3.23,we get
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from vertical degree 0 2 3

0 = α(ebΦ)eb ∧ ea − (π∗ω̂ab ) ∧ eb + (ωab )0 ∧ eb (3.35)

(ωab )0 ∧ eb = α(ebΦ)ea ∧ eb + (π∗ω̂ab ) ∧ eb

(ωab )0 = π∗ω̂ab + αjc
(
ηadid(ebΦ)ec − ηaeηcf ib(eeΦ)ef

)
(ωab )0 = π∗ω̂ab + αjc

(
ηad(ebΦ)δcd − ηaeηcf(eeΦ)δfb

)
⇒ (ωab )0 = π∗ω̂ab + α

(
(ebΦ)ea − ηacηbd(ecΦ)ed

)
(3.36)

0 = −1

2
exp{(β − 2α)Φ}Ω1

abe
b ∧ ea + (ω5

a)0 ∧ ea (3.37)

⇒ (ω5
a)0 =

1

2
exp{(β − 2α)Φ}Ω1

abe
b (3.38)

from vertical degree 1:

0 = (ωab )1 ∧ eb − ηabη55
1

2
exp{(β − 2α)Φ}Ω1

bce
c ∧ ei

0 = (ωab )1 ∧ eb +
1

2
exp{(β − 2α)Φ}Ω1

a
be

5 ∧ eb (3.39)

⇒ (ωab )1 = −1

2
exp{(β − 2α)Φ}Ω1

a
be

5 (3.40)

0 = β(eaΦ)ea ∧ e5 + (ω5
a)1 ∧ ea (3.41)

⇒ (ω5
a)1 = β(eaΦ)e5 (3.42)

For the sake of simplicity we denote Ω1
ab ≡ Fab. When we combine this

all together we get the connection forms on P :

ωab = π∗ω̂ab + α
(
(ebΦ)ea − ηacηbd(ecΦ)ed

)
− 1

2
exp{(β − 2α)Φ}Fa

be
5

ω5
a =

1

2
exp{(β − 2α)Φ}Fabeb + β(eaΦ)e5

ωa5 = −1

2
exp{(β − 2α)Φ}Fa

be
b − βηab(ebΦ)e5

ω5
5 = 0 (3.43)

2For solution to the first one see apendix in [2]
3Ω5 = 1

2Ω5
abπ

∗(êa ∧ êb) = 1
2 exp{−2αΦ}Ω5

abe
a ∧ eb
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Note that α and β are not completely arbitrary. For a deeper under-

standing why see [12]. Let us just use the result obtained there and state:

α2 =
1

2(D − 1)(D − 2)
, β = −(D − 2)α, (3.44)

where D = dimM .

3.3 Hilbert action and field equations

Similarly as in the previous chapter we calculate the Scalar curvature from

the connection forms. If you are interested, the whole calculation is listed

in appendix IV. Here we list just the result:

R = exp{−2αΦ}π∗R̂− 2α exp{−2αΦ}(�̂Φ)− 1

2
ηab(eaΦ)(ebΦ)

−1

4
exp{−2DαΦ})FabFab (3.45)

No we can with fanfare announce the long awaited Hilbert action with

scalar curvature:

SH [g,Φ] =
1

16π

∫
P

(
exp{−2αΦ}π∗R̂− 2α exp{−2αΦ}(�̂Φ)

−1

2
ηab(eaΦ)(ebΦ)− 1

4
exp{−2DαΦ})FabFab

)
ωg(3.46)

Now we can work out the field equations, similar as in the case without

the scalar field they are Rαβ = 0. The calculation of the Ricci tensor can

be found in appendix V. Our field equations are:

π∗R̂ab = αηab�̂Φ + exp{2αΦ}1
2

(eaΦ)(ebΦ)

−1

2
exp{−2(D − 1)αΦ}F c

aFbc (3.47)

0 = ∇̂b(exp{−2(D − 1)αΦ}F b
a) (3.48)

�̂Φ = − 1

4(D − 2)α
exp{−2(D − 1)αΦ}Fa

bF b
a (3.49)

From the last equation it is clearly visible, that we can not set Φ = 0.
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Conclusion

We convinced ourselves that Kaluza’s original idea was not complete since

the lack of the scalar field led to a doubtful field equation (2.63). The

remedy came when we included the scalar field. There we can see that

the scalar field can not be simply set to zero, as tempting as it can be,

since would be violating the field equation for Φ (3.49). But regardless the

mistake that Kaluza and Klein made their discovery opened the door for

discovering new physics by calculating things in other (higher-dimensional)

spaces than is our usual Minkowski space. It also provided a cornerstone

for developing the geometry of bundles which can be now used to interpret

higher dimensional theories as string theories in our space-time.

An interesting future study could be to take a deeper look at the case of

a general compact Lie group and corresponding additional fields (analogous

of our scalar field for the five dimensional case) and work out how to add

the missing degrees of freedom.
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Appendix I

Proof of Qα(q) = qα(q)

Here we are going to prove Qα(q) = qα(q) which was listed in (1.26) as a

useful observation.

Q = jkik (I.1)

The definitions of iv an jv are:

(ivα)(u, . . . , w) := α(v, u, . . . , w) α ∈ ΛpL∗, p ≥ 1 (I.2)

jvα := ṽ ∧ α ṽ ≡ g(v, ·) (I.3)

It is enough to prove this on a monomial ei ∧ . . .∧ ej ∧ ea ∧ . . .∧ eb, which
is a p form with vertical degree q.

jk
(
ike

i ∧ . . . ∧ ej ∧ ea ∧ . . . ∧ eb
)

= jk
(
δik . . . ∧ ej ∧ ea ∧ . . . ∧ eb + . . .+ (−1)qδjke

i ∧ . . . ∧ ea ∧ . . . ∧ eb
)

After acting by the interior product they are just q terms left (see (1.20)).

=
(
δike

k ∧ . . . ∧ ej ∧ ea ∧ . . . ∧ eb + . . .+ (−1)qδjke
k ∧ ei ∧ . . . ∧ ea ∧ . . . ∧ eb

)
=
(
ei ∧ . . . ∧ ej ∧ ea ∧ . . . ∧ eb + . . .+ (−1)qej ∧ ei ∧ . . . ∧ ea ∧ . . . ∧ eb

)
=
(
ei ∧ . . . ∧ ej ∧ ea ∧ . . . ∧ eb + . . .+ ei ∧ . . . ∧ ej ∧ ea ∧ . . . ∧ eb

)
= qei ∧ . . . ∧ ej ∧ ea ∧ . . . ∧ eb (I.4)
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Appendix II

Calculation of scalar curvature

without scalar field

Before we start calculating the scalar curvature, we are going to prove

some theorems which come in handy in the calculation.

Theorem 1. Let Rab be the Ricci tensor. Rab may be encoded into Ricci

forms Ra and that these forms are simply related to the curvature forms

Ωa
b and the scalar curvature R

Ra := Rabe
b Ra = ibΩ

b
a iaRa ≡ iaibΩ

b
a = R

Proof. The curvature forms are defined:

Ωa
b :=

1

2
Ra
bcd(e

c ∧ ed) (II.1)

By direct computation we get:

ibΩ
b
a =

1

2
ibR

b
acd(e

c ∧ ed) =
1

2
Rb
acdδ

c
be
d − 1

2
Rb
acde

cδdb =
1

2
Rb
abde

d − 1

2
Rb
acbe

c

(II.2)

Let us use the antisymmetry in the last two indices of the Riemann tensor:

=
1

2
Rb
abde

d +
1

2
Rb
abce

c =
1

2
Rade

d +
1

2
Rade

d = Rade
d = Ra (II.3)
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Theorem 2. for the RLC connection the Ricci (and then also Einstein)

tensor is symmetric

RLC connection ⇒ Rab = Rba Gab = Gba

Proof. The Einstein tensor is:

Gab = Rab−
1

2
Rgab (II.4)

The metric tensor is symmetric (and non-degenerate) by definition so it

is enough to show that RLC ⇒ symmetry of Ricci tensor. From Ricci

identity we get:

Ω ∧ e = 0 (II.5)

So if we act on the LHS by ib we get also 0:

ib(Ω
b
a∧ea) = (ibΩ

b
a)∧ea+Ωb

a∧(ibe
a) = Rabe

b∧ea+Ωb
aδ
a
b = Rabe

b∧ea+Ωa
a

(II.6)

However, in an orthonormal basis is Ωa
a = 0, thus necessarily:

Rabe
b ∧ ea !=0 (II.7)

Since wedge is an antisymmetric product this is only (non-trivially) satis-

fied by a symmetric Ricci tensor.

We calculate the scalar curvature R using the curvature forms.

R = iαiβΩβ
α = ηαγiγiβΩβ

α (II.8)

= iαiβΩβα = Ωβα(eβ, eα) (II.9)

= Ωab(ea, eb) + Ωai(ea, ei) + Ωia(ei, ea) + Ωij(ei, ej) (II.10)

= Ωab(ea, eb) + 2Ωai(ea, ei) + Ωij(ei, ej) (II.11)
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Luckily we do not need know the full reading of the curvature forms. We

just need to know what it looks like when adding the needed arguments.

To express the curvature forms from already known connexion forms we

are going to use the Cartan structure equation:

Ωα
β = dωαβ + ωαγ ∧ ω

γ
β (II.12)

This means for us:

Ωab(ea, eb) = ηbcΩa
c(ea, eb) (II.13)

= ηbc
(
dωac + ωad ∧ ωdc + ωai ∧ ωic

)
(ea, eb) (II.14)

=
(
dωab + ωad ∧ ωdb + ωai ∧ ωib

)
(ea, eb) (II.15)

For the first term:

dωab = π∗d̂ωab −
1

2
(dΩi

a
b) ∧ ei −

1

2
(Ωi

a
b)de

i

= π∗d̂ωab −
1

2
(dΩi

a
b) ∧ ei

−1

4
Ωi

a
bΩ

i
cde

c ∧ ed +
1

4
Ωi

a
bc
i
jke

j ∧ ek

dωab = π∗dω̂ab − 1

2
(dΩi

ab) ∧ ei

−1

4
Ωi

abΩi
cde

c ∧ ed +
1

4
Ωi

abcijke
j ∧ ek

dωab(ea, eb) = π∗d̂ωab(ea, eb)−
1

4
Ωi

abΩi
cd(δ

c
aδ
d
b − δcbδda)

= π∗dω̂ab(ea, eb)−
1

4
Ωi

abΩi
ab +

1

4
Ωi

abΩi
ba

= π∗dω̂ab(ea, eb)−
1

2
Ωi

abΩi
ab (II.16)

For the second term:

ωad ∧ ωdb(ea, eb) =

(
π∗ω̂ad −

1

2
Ωi

a
de
i

)
∧
(
π∗ω̂db − 1

2
Ωi

dbei
)

(ea, eb)

= π∗
(
ω̂ad ∧ ω̂db

)
(ea, eb) (II.17)
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For the third term:

ωai ∧ ωib(ea, eb) =

(
−1

2
Ωi

a
ce
c

)
∧
(

1

2
Ωib
d e

d

)
(ea, eb)

= −1

4
Ωi

a
cΩ

ib
d

(
δcaδ

d
b − δcbδda

)
= −1

4
Ωi

a
aΩ

ib
b +

1

4
Ωi

a
bΩ

ib
a (II.18)

But Ωi
ab = −Ωi

ba so Ωi
a
a = Ωib

b = 0. So together we get

Ωab(ea, eb) = π∗
(
d̂ωab + ω̂ad ∧ ω̂db

)
(ea, eb)−

1

2
Ωi

abΩi
ab+

1

4
Ωi

a
bΩ

ib
a (II.19)

In the first term we recognize the scalar curvature R̂ on M :

Ωab(ea, eb) = π∗R̂ +
3

4
Ωi

abΩi
ba (II.20)

For the other terms of R:

Ωai(ea, ei) =
(
dωai + ωab ∧ ωbi + ωaj ∧ ωji

)
(ea, ei) (II.21)

dωai(ea, ei) =

(
−1

2
(dΩia

b ) ∧ eb − 1

2
Ωia
b de

b

)
(ea, ei)

=

(
−1

2
(dΩia

b ) ∧ eb +
1

2
Ωia
b π
∗(ω̂bc ∧ êc)

)
(ea, ei)

=
1

2
(dΩia

b )δba(ei) =
1

2
(dΩia

a )(ei) = 0 (II.22)

ωab ∧ ωbi(ea, ei) =

(
π∗ω̂ab −

1

2
Ωj

a
be
j

)
∧
(
−1

2
Ωib
c e

c

)
(ea, ei)

=
1

4
Ωj

a
bΩ

ib
c e

j ∧ ec(ea, ei)

= −1

4
Ωj

a
bΩ

ib
c δ

j
i δ
c
a

= −1

4
Ωi

a
bΩ

ib
a = −1

4
Ωi

abΩi
ba (II.23)
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ωaj ∧ ωji(ea, ei) =

(
−1

2
Ωj

a
be
b

)
∧
(

1

2
cjik e

k

)
(ea, ei)

=
1

4
Ωj

a
bc
ji
k e

b ∧ ek(ea, ei)

=
1

4
Ωj

a
bc
ji
k δ

b
aδ
k
i

=
1

4
Ωj

a
ac
ji
i = 0 (II.24)

Ωai(ea, ei) = −1

4
Ωi

abΩi
ba (II.25)

Ωij(ei, ej) =
(
dωij + ωia ∧ ωaj + ωik ∧ ωkj

)
(ei, ej) (II.26)

dωij(ei, ej) = −1

2
ck
ijdek(ei, ej) (II.27)

= −1

4
ck
ij
(
Ωk
abe

a ∧ eb − cklmel ∧ em
)

(ei, ej) (II.28)

=
1

4
ck
ijcklm(δliδ

m
j − δljδmi ) (II.29)

=
1

4
ck
ijckij −

1

4
ck
ijckji (II.30)

=
1

2
ck
ijckij (II.31)

ωia ∧ ωaj(ei, ej) =

(
1

2
Ωi
abe

b

)
∧
(
−1

2
Ωja
c e

c

)
(ei, ej) (II.32)

= 0 (II.33)

ωik ∧ ωkj(ei, ej) =

(
−1

2
cikle

l

)
∧
(
−1

2
cm

kjem
)

(ei, ej) (II.34)

=
1

4
ciklcm

kjel ∧ em(ei, ej) (II.35)

=
1

4
ciklcm

kj(δliδ
m
j − δljδmi ) (II.36)

=
1

4
cikicj

kj − 1

4
cikjci

kj (II.37)
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Using Jcaobi identity we can show cikicj
kj = 0, so we get

Ωij(ei, ej) =
1

4
cikjci

kj . (II.38)

So putting equations (II.20), (II.25) and (II.38) together we get the

scalar curvature on P :

R = π∗R̂ +
1

4
Ωi
abΩi

ba − 1

4
cijkci

kj (II.39)
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Appendix III

Calculation of Ricci tensor without

scalar field

The procedure to obtain the Ricci tensor out of the curvature forms will

be as following:

Ωα
β =

1

2
Rα
βγδe

γ ∧ eδ (III.1)

iρΩ
α
β = iρ

1

2
Rα
βγδe

γ ∧ eδ (III.2)

=
1

2
Rα
βγδ

(
δγρe

δ − eγδδρ
)

(III.3)

=
1

2

(
Rα
βρδe

δ −Rα
βγρe

γ
)

(III.4)

=
1

2

(
Rα
βρδe

δ +Rα
βργe

γ
)

(III.5)

= Rα
βργe

γ (III.6)

iσiρΩ
α
β = iσR

α
βργe

γ (III.7)

= Rα
βργδ

γ
σ (III.8)

Rα
βγδ = iδiγΩ

α
β (III.9)

So for the Ricci tensor we get:

Rαβ := Rγ
αγβ = iβiγΩ

γ
α = Ωγ

α(eγ, eβ) (III.10)
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That decouples into 3 equations1.

Rab = Ωc
a(ec, eb) + Ωi

a(ei, eb) (III.11)

Rai = Ωb
a(eb, ei) + Ωj

a(ej, ei) (III.12)

Rij = Ωa
i (ea, ej) + Ωk

i (ek, ej) (III.13)

We start by computing Rab

Ωc
a(ec, eb) =

(
dωca + ωcd ∧ ωda + ωci ∧ ωia

)
(ec, eb) (III.14)

dωca(ec, eb) =

(
π∗dω̂ca −

1

2
(dΩi

c
a) ∧ ei −

1

2
(Ωi

c
a)de

i

)
(ec, eb) (III.15)

=

(
π∗dω̂ca −

1

4
Ωi

c
aΩ

i
dee

d ∧ ee +
1

4
Ωi

c
ac
i
jke

j ∧ ek
)

(ec, eb)(III.16)

= π∗dω̂ca(ec, eb)−
1

4
Ωi

c
aΩ

i
deδ

d
c δ

e
b +

1

4
Ωi

c
aΩ

i
deδ

d
b δ

e
c (III.17)

= π∗dω̂ca(ec, eb)−
1

4
Ωi

c
aΩ

i
cb +

1

4
Ωi

c
aΩ

i
bc (III.18)

= π∗dω̂ca(ec, eb)−
1

2
Ωi

c
aΩ

i
cb (III.19)

ωcd ∧ ωda(ec, eb) =

(
π∗ω̂cd −

1

2
Ωi

c
de
i

)
∧
(
π∗ω̂da −

1

2
Ωj

d
ae
j

)
(ec, eb)(III.20)

= π∗(ω̂cd ∧ ω̂da)(ec, eb) (III.21)

ωci ∧ ωia(ec, eb) =

(
−1

2
Ωi

c
de
d

)
∧
(

1

2
Ωi
aee

e

)
(ec, eb) (III.22)

= −1

4
Ωi

c
dΩ

i
ae

(
δdc δ

e
b − δdb δec

)
(III.23)

= −1

4
Ωi

c
cΩ

i
ab +

1

4
Ωi

c
bΩ

i
ac (III.24)

=
1

4
Ωi

c
bΩ

i
ac (III.25)

1Just 3, no 4 since the Ricci tensor is symmetric.
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Ωi
a(ei, eb) =

(
dωia + ωid ∧ ωda + ωij ∧ ωja

)
(ei, eb) (III.26)

dωia(ei, eb) =
1

2
(dΩi

ac)e
c(ei, eb) +

1

2
Ωi
ac(de

c)(ei, eb) (III.27)

=
1

2
(dΩi

ac)(ei)δ
c
b −

1

2
Ωi
acπ
∗(ω̂cd ∧ êd)(ei, eb) (III.28)

=
1

2
(dΩi

ab)(ei)
!=0 (III.29)

This is zero, since the Ricci tensor is symmetric in indexes a, b, but Ωi
ab

is antisymmetric.

ωid ∧ ωda(ei, eb) =

(
1

2
Ωi
dce

c

)
∧
(
π∗ω̂da −

1

2
Ωj

d
ae
j

)
(ei, eb)(III.30)

=
1

4
Ωi
dcδ

c
bΩj

d
aδ
j
i (III.31)

=
1

4
Ωi
cbΩi

c
a (III.32)

ωij ∧ ωja(ei, eb) =

(
−1

2
cijke

k

)
∧
(

1

2
Ωj
ace

c

)
(ei, eb) (III.33)

= −1

4
cijkδ

k
i

1

2
Ωj
acδ

c
b (III.34)

= −1

4
ciji

1

2
Ωj
ab

!=0 (III.35)

So the Rab component of the Ricci tensor reads

Rab = π∗dω̂ca(ec, eb) + π∗(ω̂cd ∧ ω̂da)(ec, eb) (III.36)

−1

2
Ωi

c
aΩ

i
cb +

1

4
Ωi

c
bΩ

i
ac +

1

4
Ωi
cbΩi

c
a (III.37)

= π∗R̂ab −
1

2
Ωi

c
aΩ

i
cb −

1

4
Ωi

c
aΩ

i
cb +

1

4
Ωi

c
aΩ

i
cb (III.38)

= π∗R̂ab −
1

2
Ωi

c
aΩ

i
cb (III.39)

We proceed to Rai:

Ωb
a(eb, ei) =

(
dωba + ωbc ∧ ωca + ωbj ∧ ωja

)
(eb, ei) (III.40)
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dωba(eb, ei) = d

(
π∗ω̂ba −

1

2
Ωj

b
ae
j

)
(eb, ei) (III.41)

= −1

2
(dΩj

b
a)(eb)δ

j
i (III.42)

= −1

2
(dΩi

b
a)(eb) (III.43)

ωbc ∧ ωca(eb, ei) =

(
π∗ω̂bc −

1

2
Ωj

b
ce
j

)
∧
(
π∗ω̂ca −

1

2
Ωk

c
ae
k

)
(eb, ei)(III.44)

= −1

2
π∗ω̂bc(eb)Ωk

c
aδ
k
i +

1

2
Ωj

b
cδ
j
iπ
∗ω̂ca(eb) (III.45)

= −1

2
Ωi

c
aπ
∗ω̂bc(eb) +

1

2
Ωi

b
cπ
∗ω̂ca(eb) (III.46)

ωbj ∧ ωja(eb, ei) =

(
−1

2
Ωj

b
ce
c

)
∧
(

1

2
Ωj
ade

d

)
(eb, ei) (III.47)

= 0 (III.48)

Ωj
a(ej, ei) =

(
dωja + ωjc ∧ ωca + ωjk ∧ ω

k
a

)
(ej, ei) (III.49)

dωja(ej, ei) = d

(
1

2
Ωj
abe

b

)
(ej, ei) (III.50)

= 0 (III.51)

ωjc ∧ ωca(ej, ei) =

(
1

2
Ωj
cbe

b

)
∧
(
π∗ω̂ca −

1

2
Ωk

c
ae
k

)
(ej, ei)(III.52)

= 0 (III.53)

ωjk ∧ ω
k
a(ej, ei) =

(
−1

2
cjkle

l

)
∧
(

1

2
Ωk
abe

b

)
(ej, ei) (III.54)

= 0 (III.55)

Rai = −1

2
(dΩi

b
a)(eb)−

1

2
Ωi

c
aπ
∗ω̂bc(eb) +

1

2
Ωi

b
cπ
∗ω̂ca(eb) (III.56)

= −1

2

(
dΩi

b
a + Ωi

c
aπ
∗ω̂bc − Ωi

b
cπ
∗ω̂ca
)

(eb) (III.57)

= −1

2

(
DΩi

b
a

)
(eb) (III.58)

= −1

2
∇bΩi

b
a (III.59)
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When, we put Rai, together, we spot something familiar - the three terms

give together just one, with covariant exterior derivative2. which can be

further simplified using the definition of the covariant derivative along a

vector field3.

And finally Rij:

Ωa
i (ea, ej) =

(
dωai + ωab ∧ ωbi + ωak ∧ ωki

)
(ea, ej) (III.60)

dωai (ea, ej) = d

(
−1

2
Ωi

a
be
b

)
(ea, ej) (III.61)

=
1

2
(dΩi

a
b)(ej)δ

b
a =

1

2
(dΩi

a
a)(ej) = 0 (III.62)

ωab ∧ ωbi (ea, ej) =

(
π∗ω̂ab −

1

2
Ωk

a
be
k

)
∧
(
−1

2
Ωi

b
ce
c

)
(ea, ej)(III.63)

= −1

4
Ωk

a
bδ
k
jΩi

b
cδ
c
a (III.64)

= −1

4
Ωj

a
bΩi

b
a (III.65)

ωak ∧ ωki (ea, ej) =

(
−1

2
Ωk

a
be
b

)
∧
(
−1

2
ckile

l

)
(ea, ej) (III.66)

=
1

4
Ωk

a
bδ
b
ac
k
ilδ

l
j (III.67)

=
1

4
Ωk

a
ac
k
ij = 0 (III.68)

Ωk
i (ek, ej) =

(
dωki + ωka ∧ ωai + ωkl ∧ ωli

)
(ek, ej) (III.69)

2See exercise 21.7.6 in [3].
3See exercise 21.3.6 in [3]. ∇b ≡ ∇eb
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dωki (ek, ej) = d

(
−1

2
ckile

l

)
(ek, ej) (III.70)

= −1

2
ckil

(
Ωi − 1

2
clmne

m ∧ en
)

(ek, ej) (III.71)

=
1

4
ckilc

l
mn

(
δmk δ

n
j − δmj δnk

)
(III.72)

=
1

4
ckilc

l
kj −

1

4
ckilc

l
jk (III.73)

=
1

2
ckilc

l
kj (III.74)

ωka ∧ ωai (ek, ej) =

(
1

2
Ωk
abe

b

)
∧
(
−1

2
Ωi

a
ce
c

)
(ek, ej) (III.75)

= 0 (III.76)

ωkl ∧ ωli(ek, ej) =

(
−1

2
cklme

m

)
∧
(
−1

2
cline

n

)
(ek, ej) (III.77)

‘ =
1

4
cklmc

l
in

(
δmk δ

n
j − δmj δnk

)
(III.78)

=
1

4
cklkc

l
ij −

1

4
ckljc

l
ik (III.79)

= −1

4
ckljc

l
ik (III.80)

So the Rij component of the Ricci tensor reads

Rij = −1

4
Ωj

a
bΩi

b
a +

1

2
ckilc

l
kj −

1

4
ckljc

l
ik (III.81)

= −1

4
Ωj

a
bΩi

b
a +

1

4
ckilc

l
kj (III.82)
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Appendix IV

Calculation of scalar curvature with

scalar field for U(1)

To compute the scalar curvature with the scalar field we are going to

proceed as in appendix II.

R = iαiβΩβα = Ωβα(eβ, eα) (IV.1)

= Ωab(ea, eb) + Ωa5(ea, e5) + Ω5a(e5, ea) + Ω55(e5, e5) (IV.2)

= Ωab(ea, eb) + 2Ω5a(ea, e5) (IV.3)

Ω55(e5, e5) = 0 because, in general Ωij = −Ωji .

We proceed with the firs term of R - Ωab(ea, eb). As before we are going

to use the Cartan structure equation:

Ωab(ea, eb) =
(
dωab + ωad ∧ ωdb + ωa5 ∧ ω5b

)
(ea, eb) (IV.4)
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dωab(ea, eb) = π∗d(ω̂ab)(ea, eb)

+
(
αηbc(edecΦ)ed ∧ ea − αηbc(ecΦ)(π∗ωad) ∧ ed

)
(ea, eb)

−
(
αηac(edecΦ)ed ∧ eb − αηac(ecΦ)(π∗ωbd) ∧ ed

)
(ea, eb)

−1

2
exp{(2β − 2α)Φ}FabΩ1(ea, eb)

= π∗d(ω̂ab)(ea, eb)

+αηbc(edecΦ)
(
δdaδ

a
b − δdb δaa

)
−αηbc(ecΦ)

(
(π∗ωad)(ea)δ

d
b − (π∗ωad)(eb)δ

d
a

)
−αηac(edecΦ)

(
δdaδ

b
b − δdb δba

)
+αηac(ecΦ)

(
(π∗ωbd)(ea)δ

d
b − (π∗ωbd)(eb)δ

d
a

)
−1

4
exp{−2DαΦ}FabFcdec ∧ ed(ea, eb)

= π∗d(ω̂ab)(ea, eb)

−α(D − 1)ηbc(ebecΦ)− αηbc(ecΦ)(π∗ωab )(ea)

−α(D − 1)ηac(eaecΦ)− αηac(ecΦ)(π∗ωba)(eb)

−1

2
exp{−2DαΦ}FabFab

= π∗d(ω̂ab)(ea, eb)− 2(D − 1)αηab(eaebΦ) (IV.5)

−2α(ebΦ)(π∗ωab)(ea)−
1

2
exp{−2DαΦ}FabFab
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ωad ∧ ωdb(ea, eb) = π∗
(
ω̂ad ∧ ω̂db

)
(ea, eb)

+αηbf(efΦ)(π∗ω̂ad) ∧ ed(ea, eb)

−αηdg(egΦ)(π∗ω̂ad) ∧ eb(ea, eb)

+α(edΦ)ea ∧ (π∗ω̂db)(ea, eb)

+α2ηbf(edΦ)(efΦ)ea ∧ ed(ea, eb)

−α2ηdg(edΦ)(egΦ)ea ∧ eb(ea, eb)

−αηacηde(ecΦ)ee ∧ (π∗ω̂db)(ea, eb)

−α2ηacηdeη
bf(ecΦ)(efΦ)ee ∧ ed(ea, eb)

+α2ηacηdeη
dg(ecΦ)(egΦ)ee ∧ eb(ea, eb)

= π∗
(
ω̂ad ∧ ω̂db

)
(ea, eb)

+α(ebΦ)(π∗ω̂ab)(ea)− (D − 1)α(ebΦ)(π∗ω̂ab)(ea)

+(D − 1)α(ebΦ)(π∗ω̂ba)(ea) + (D − 1)α2ηab(eaΦ)(ebΦ)

−(D2 −D)α2ηab(eaΦ)(ebΦ)− α(ebΦ)(π∗ω̂ba)(ea)

+(D − 1)α2ηab(eaΦ)(ebΦ)

= π∗
(
ω̂ad ∧ ω̂db

)
(ea, eb)

−2(D − 2)α(ebΦ)(π∗ω̂ab)(ea)

−(D − 2)(D − 1)α2ηab(eaΦ)(ebΦ) (IV.6)

ωa5 ∧ ω5b(ea, eb) = −1

4
exp{−2DαΦ}Fa

cF b
de
c ∧ ed(ea, eb)

=
1

4
exp{−2DαΦ}Fa

bF b
a (IV.7)

Ω5a(e5, ea) =
(
dω5a + ω5

b ∧ ωba
)

(e5, ea) (IV.8)
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dω5a(e5, ea) = d

(
1

2
exp{−DαΦ})Fa

b e
b + βηab(ebΦ)e5

)
(e5, ea)

=
1

2
exp{−DαΦ})(dFa

b ) ∧ eb(e5, ea)

+βηab(ecebΦ)ec ∧ e5(e5, ea)

+β(β − α)ηab(ebΦ)(ecΦ)ec ∧ e5(e5, ea)

= −βηab(eaebΦ)− β(β − α)ηab(eaΦ)(ebΦ) (IV.9)

ω5
b ∧ ωba(e5, ea) = −1

4
exp{−2DαΦ})FbcF baec ∧ e5(e5, ea)

+β(ebΦ)e5 ∧ (π∗ω̂ba)(e5, ea)

+αβηad(ebΦ)(edΦ)e5 ∧ eb(e5, ea)

−αβηbd(ebΦ)(edΦ)e5 ∧ ea(e5, ea)

=
1

4
exp{−2DαΦ})FabFab (IV.10)

+β(ebΦ)(π∗ω̂ba)(ea)− (D − 1)αβηab(eaΦ)(ebΦ)

Combining it altogether gives:

R = exp{−2αΦ}π∗R̂

−[2(D − 1)α + 2β]ηab(eaebΦ)− [2(D − 1)α + 2β](ebΦ)(π∗ω̂ab)(ea)

−[(D − 2)(D − 1)α2 + 2β(β − α) + 2(D − 1)αβ]ηab(eaΦ)(ebΦ)

−1

4
exp{−2DαΦ})FabFab

= exp{−2αΦ}π∗R̂

−2α exp{−2αΦ}(�̂Φ)− 1

2
ηab(eaΦ)(ebΦ)

−1

4
exp{−2DαΦ})FabFab

(IV.11)

The terms in the second line give together a covariant d’Alembert operator

(see exercise 15.2.9 in [3]). Since we want to take a look at the physics on
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M we are going to express this in terms of the d’Alembert operator onM ,

hence the hat and extra exp{−2αΦ}.
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Appendix V

Calculation of Ricci tensor with scalar

field for U(1)

For calculating the Ricci tensor we proceed as in appendix III.

We start by calculating the Rab component

Rab = Ωc
a(ec, eb) + Ω5

a(e5, eb) (V.1)

= (dωca + ωcd ∧ ωda + ωc5 ∧ ω5
a + dω5

a + ω5
d ∧ ωda)(ec, eb) (V.2)
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dωca(ec, eb) = π∗(dω̂ca)(ec, eb)

+α(edeaΦ)ed ∧ ec(ec, eb)

−α(eaΦ)(ω̂cd) ∧ ed(ec, eb)

−αηcdηaf(eeedΦ)ee ∧ ef(ec, eb)

+αηcdηaf(edΦ)(ω̂fg ) ∧ eg(ec, eb)

−1

2
exp{(2β − 2α)Φ}F c

aΩ
1(ec, eb)

= π∗(dω̂ca)(ec, eb)

−(D − 1)α(eaebΦ)

−α(eaΦ)(ω̂cb)(ec)

−αηabηcd(ecedΦ) + α(eaebΦ)

+αηcd(edΦ)(ω̂ab)(ec) + α(edΦ)(ω̂da)(eb)

−1

4
exp{(2β − 2α)Φ}F c

aFdeed ∧ ee(ec, eb)

= π∗(dω̂ca)(ec, eb)− α(eaΦ)(ω̂cb)(ec)

+αηcd(edΦ)(ω̂ab)(ec) + α(edΦ)(ω̂da)(eb)

−(D − 2)α(eaebΦ)− αηabηcd(ecedΦ)

+
1

2
exp{(2β − 2α)Φ}F c

aFbc (V.3)
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ωcd ∧ ωda(ec, eb) = π∗
(
ω̂cd ∧ ω̂da

)
(ec, eb)

+α(eaΦ)(π∗ω̂cd) ∧ ed(ec, eb)

−αηdeηaf(eeΦ)(π∗ω̂cd) ∧ ef(ec, eb)

+α(edΦ)ec ∧ (π∗ω̂da)(ec, eb)

+α2(eaΦ)(edΦ)ec ∧ ed(ec, eb)

−α2ηdeηaf(edΦ)(eeΦ)ec ∧ ef(ec, eb)

−αηceηdf(eeΦ)ef ∧ (π∗ω̂da)(ec, eb)

−α2ηceηdf(eeΦ)(eaΦ)ef ∧ ed(ec, eb)

+α2ηceηdfη
dgηah(eeΦ)(egΦ)ef ∧ eh(ec, eb)

= π∗
(
ω̂cd ∧ ω̂da

)
(ec, eb)

+α(eaΦ)(π∗ω̂cb)(ec)

−αηab(edΦ)(π∗ω̂cd)(ec) + α(ecΦ)(π∗ω̂ca)(eb)

+Dα(edΦ)(π∗ω̂da)(eb)− α(edΦ)(π∗ω̂da)(eb)

+Dα2(eaΦ)(ebΦ)− α2(eaΦ)(ebΦ)

−Dα2ηabη
cd(ecΦ)(edΦ) + α2ηabη

cd(ecΦ)(edΦ)

−α(edΦ)(π∗ω̂da)(eb) + αηcd(edΦ)(π∗ω̂ba)(ec)

−α2(eaΦ)(ebΦ) + α2(eaΦ)(ebΦ)

+α2ηabη
cd(ecΦ)(edΦ)− α2(eaΦ)(ebΦ)

= π∗
(
ω̂cd ∧ ω̂da

)
(ec, eb)

+(D − 2)α2(eaΦ)(ebΦ)

−(D − 2)α2ηabη
cd(ecΦ)(edΦ)

+α(eaΦ)(π∗ω̂cb)(ec)

−αηab(edΦ)(π∗ω̂cd)(ec) + αηcd(edΦ)(π∗ω̂ba)(ec)

+(D − 3)α(edΦ)(π∗ω̂da)(eb) (V.4)
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ωc5 ∧ ω5
a(ec, eb) = −1

4
exp{−2DαΦ}F c

dFaeed ∧ ee(ec, eb)

=
1

4
exp{−2DαΦ}F c

bFac

(V.5)

dω5
a(e5, eb) =

1

2
exp{−DαΦ}(dFac) ∧ ec(e5, eb)

+β(β − α)(eaΦ)(ecΦ)ec ∧ e5(e5, eb)

+β(eaecΦ)ec ∧ e5(e5, eb)

=
1

2
exp{−DαΦ}(dFab)(e5)

−β(β − α)(eaΦ)(ebΦ)− β(eaebΦ) (V.6)

ω5
c ∧ ωca(e5, eb) = −1

4
exp{−2DαΦ}FcdF c

ae
d ∧ e5(e5, eb)

+β(ecΦ)e5 ∧ (π∗ω̂ca)(e5, eb)

+αβ(ecΦ)(eaΦ)e5 ∧ ec(e5, eb)

−αβηceηaf(ecΦ)(eeΦ)e5 ∧ ef(e5, eb)

= +
1

4
exp{−2DαΦ}FcbF c

a

+β(ecΦ)(π∗ω̂ca)(eb)

+αβ(eaΦ)(ebΦ)

−αβηabηcd(ecΦ)(edΦ) (V.7)
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When we put everything together we get

Rab = exp{−2αΦ}π∗(R̂)

+
1

2
exp{−2DαΦ}F c

aFbc

−1

2
(eaΦ)(ebΦ)

−αηabηcd(ecedΦ)− αηab(edΦ)(π∗ω̂cd)(ec)

= exp{−2αΦ}
(
π∗R̂ab − αηab�̂Φ

)
− 1

2
(eaΦ)(ebΦ) +

1

2
exp{−2DαΦ}F c

aFbc

(V.8)

The terms in the fourth line give together a covariant d’Alembert operator

(see exercise 15.2.9 in [3]). Since we want to take a look at the physics on

M we are going to express this in terms of the d’Alembert operator onM ,

hence the hat and extra exp{−2αΦ}.

We continue the calculation for Ra5:

Ra5 = Ωb
a(eb, e5) (V.9)

= (dωba + ωbd ∧ ωda + ωb5 ∧ ω5
a)(eb, e5) (V.10)

dωba(eb, e5) = −1

2
2(β − α)(ecΦ) exp{−DαΦ}F b

ae
c ∧ e5(eb, e5)

−1

2
exp{−DαΦ}(dF b

a) ∧ e5(eb, e5)

= −(β − α)(ebΦ) exp{−DαΦ}F b
a

−1

2
exp{−DαΦ}(dF b

a)(eb) (V.11)
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ωbd ∧ ωda(eb, e5) = −1

2
exp{−DαΦ}Fd

a (π∗ω̂bd) ∧ e5(eb, e5)

−1

2
exp{−DαΦ}Fd

aα(edΦ)eb ∧ e5(eb, e5)

+
1

2
exp{−DαΦ}Fd

aαη
bcηde(ecΦ)ee ∧ e5(eb, e5)

−1

2
exp{−DαΦ}F b

de
5 ∧ (π∗ω̂da)(eb, e5)

−1

2
exp{−DαΦ}F b

dα(eaΦ)e5 ∧ ed(eb, e5)

+
1

2
exp{−DαΦ}F b

dαη
dcηae(ecΦ)e5 ∧ ee(eb, e5)

= −1

2
exp{−DαΦ}Fd

a (π∗ω̂bd)(eb)

+
1

2
exp{−DαΦ}F b

d(π
∗ω̂da)(eb)

−1

2
(D − 2) exp{−DαΦ}F b

aα(ebΦ) (V.12)

ωb5 ∧ ω5
a(eb, e5) = −1

2
exp{−DαΦ}F b

cβ(eaΦ)ec ∧ e5(eb, e5)

−1

2
exp{−DαΦ}Fadβηbc(ecΦ)e5 ∧ ed(eb, e5)

= −1

2
exp{−DαΦ}βF b

a(ebΦ) (V.13)

Ra5 = −1

2
exp{−DαΦ}(dF b

a)(eb)

−1

2
exp{−DαΦ}Fd

a (π∗ω̂bd)(eb)

+
1

2
exp{−DαΦ}F b

d(π
∗ω̂da)(eb)

+(D − 1)α exp{−DαΦ}F b
a(ebΦ)

= −1

2
exp{−(D − 1)αΦ}(∇̂bF b

a)

+(D − 1)α exp{−DαΦ}F b
a(ebΦ)

= −1

2
exp{(D − 3)αΦ}∇̂b(exp{−2(D − 1)αΦ}F b

a) (V.14)

The terms in the first three lines give together the covariant derivative of

F b
d (this is almost the same as in (III.59)). Then we just add the remaining
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two terms together to obtain the result.

At last for the component R55:

R55 = Ωa
5(ea, e5) (V.15)

= (dωa5 + ωab ∧ ωb5)(ea, e5) (V.16)

dωa5(ea, e5) = −1

2
exp{−DαΦ}(dFa

b ) ∧ eb

−βηab(ecebΦ)ec ∧ e5(ea, e5)

−β(β − α)(ebΦ)(ecΦ)ec ∧ e5(ea, e5)

= −βηab(eaebΦ)− β(β − α)(eaΦ)(ebΦ) (V.17)

ωab ∧ ωb5(ea, e5) = −βηbe(eeΦ)(π∗ω̂ab ) ∧ e5(ea, e5)

−αβηbe(ebΦ)(eeΦ)ea ∧ e5(ea, e5)

+αβηacηbdη
be(ecΦ)(eeΦ)ed ∧ e5(ea, e5)

+
1

4
exp{−2DαΦ}Fa

bF b
ee

5 ∧ ee(ea, e5)

= −βηbe(eeΦ)(π∗ω̂ab )(ea)

−(D − 1)αβηab(eaΦ)(ebΦ)

−1

4
exp{−2DαΦ}Fa

bF b
a (V.18)

R55 = −βηab(eaebΦ)− ((D − 1)αβ + β(β − α))(eaΦ)(ebΦ)

−βηbe(eeΦ)(π∗ω̂ab )(ea)−
1

4
exp{−2DαΦ}Fa

bF b
a

= (D − 2)αηab(eaebΦ) + (D − 2)α(ebΦ)(π∗ω̂ab)(ea)

−1

4
exp{−2DαΦ}Fa

bF b
a

= (D − 2)α exp{−2αΦ}�̂Φ− 1

4
exp{−2DαΦ}Fa

bF b
a (V.19)

Here we get by the same manner as in (V.8) the covariant d’Alembert

operator.
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