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Subriemannovska geometria sa lisi od (starSej a znamejSej) riemannovskej tym,
ze metricky tenzor (zékladny objekt v riemannovskej geometrii) nedefinuje
skalarny sucin pre vsetky vektory, ale len pre vektory z istého podpriestoru
dotykového priestoru variety (pre iné skalarny sucin nie je definovany).
Geodetika na subriemannovskej variete je (podobne ako na riemannoskej
variete) Ciara extremalnej dizky, ale tu musi byt jej kazdy dotykovy vektor
z toho podpriestoru, v ktorom je definovany skalarny sucin (aby sa dal vyratat’
jeho kvadrat a v kone¢nom dosledku aj dizka krivky).

Ukazuje sa, ze tato teoria ma vel'mi zaujimavé praktické aplikacie (napriklad
v robotike).

Heisenbergova grupa je Lieova grupa, ktorej Liecova algebra je
definovana ,kanonickymi komutacnymi vtahmi" zndmymi z kvantovej
mechaniky (z ktorych sa technicky odvodzuju slavne Heisenbergove vztahy
neurcitosti).

Pre jednu suradnicu a k nej kanonicky zdruzenu hybnost’ je teda trojrozmerna.

Ukazuje sa, ze tato Lieova grupa (chapana ako varieta) prirodzene poskytuje
Struktaru istej subriemannovskej variety. Navyse tato subriemannovska varieta
sa da vyuzit' na rieSenie tzv. ,,ulohy Dido" (variacnej Ulohy znamej uz
zo staroveku - ohranigit’ &o najvacsiu plochu &iarou danej dizky): riesenie tejto
ulohy sa da preformulovat’ na najdenie subriemannovskej geodetiky.

Zoznamit sa so zakladnymi myslienkami subriemannovskej geometrie
a ohmatat’ si jej konkrétnu verziu danu Heisenbergovou grupou. Overit’, ze
geodetiky riesia ulohu Dido. A samozrejme vSetko pekne a zrozumitel'ne spisat’.
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Sub-Riemannian geometry differs from (the older and better known)
Riemannian geometry in that the metric tensor (the fundamental object in
Riemannian geometry) does not define the scalar product for all vectors, but
only for vectors from a certain subspace of the tangent space of the manifold
(for others the scalar product is not defined). A geodesic on a sub-Riemannian
manifold is (similarly to a Riemannian manifold) a line of extreme length, but
here each tangent vector must be from the subspace in which the scalar product
is defined (so that its square and ultimately the length of the curve can be
calculated).

It turns out that this theory has very interesting practical applications (for
example, in robotics).

The Heisenberg group is a Lie group whose Lie algebra is defined by the
"canonical commutation relations" known from quantum mechanics (from
which the famous Heisenberg uncertainty relations are technically derived). For
one coordinate and the momentum canonically associated with it, it is thus three-
dimensional.

It turns out that this Lie group (regarded as a manifold) naturally provides the
structure of a certain sub-Riemannian manifold. Moreover, this sub-Riemannian
manifold can be used to solve the so-called "Dido problem" (a variational
problem known since ancient times - to enclose the largest possible area by a
line of given length): the solution of this problem can be reformulated to find
a sub-Riemannian geodesic.

To get acquainted with the basic ideas of sub-Riemannian geometry and to get
a feel for its specific version given by the Heisenberg group. To verify that
geodesics solve the Dido problem. And of course to write everything down
nicely and clearly.
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Abstrakt

Uloha Dido je zndma uz od staroveku z Vergiliovej epickej basne Aeneas, kde
kralovna Dido musela ohranicit najvac¢siu mozni plochu pre svoje mesto kozou jedného
vola. Tato tuloha bola v 17.tom storo¢i matematikmi tej doby prevedena do reci
variacného poctu a pomocou tohto nového matematického odvetvia sa im podarilo
rigorozne dokazat, Ze riesenie tejto tlohy su casti kruznice, ¢o sa uz v staroveku
predpokladalo. Omnoho neskor sa ukazalo, ze riesenie tejto tlohy sa da dostat aj
uplne inym sposobom a to pomocou diferencidlnej geometrie. Presnejsie vieme ttto
tlohu previest na problém najdenia subriemannovskych geodetik na Heisenbergovej
grupe. V tejto praci zavedieme teoretické zaklady pre hladanie subriemannovskych
geodetik, ukazeme ako vyjadrit Heisenbergovu grupu ako subriemannovsku varietu,
spoc¢itame geodetiky na nej a porovname ich s klasickym rieSenim tlohy Dido.

KItcové slova: subriemannovska geometria, distribtcie, geodetiky, Heisenbergova
grupa, tuloha Dido
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Abstract

The Dido problem has been known since ancient times from Vergilius’ epic poem
Aeneas, in which queen Dido must have enclosed the largest area for her city by
the skin of one ox. This problem has been reformulated in the 17th century by the
mathematicians of that time in the language of the calculus of variations and with the
help of this new mathematic field they managed to rigorously prove that the solution to
this problems are parts of a circle, which has been assumed in the ancient times. Much
later it has been shown that we can get the same solution in a completely different
way and that is through differential geometry. More precisely we can convert this
problem to the problem of finding sub-Riemannian geodesics on the Heisenberg group.
In this thesis we will lay theoretical basics for finding sub-Riemannian geodesics, we
will show how we can look at the Heisenberg group as a sub-Riemannian manifold,
compute geodesics on it and finally compare this solution to the classical solution of
the Dido problem.

Keywords: sub-Riemannian geometry, distributions, geodesics, Heisenberg group,
Dido problem
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Preface

This thesis is focused on a purely mathematical problem with only a very small
connection to physics, but its main point is to help us understand the mathematical
method correctly and then later we could use it in a way which is physically interesting,
but more computationally and structurally difficult to understand. The example on
which we will show how the method works was specifically chosen to be quite simple
and understandable, as well as solvable by more conventional methods, so we can then
compare the two solutions.

Sub-Riemannian geometries are a much bigger part of mathematics than any bachelor
thesis could contain, as we can see in [5]. This book contains most of what is written
in this thesis and much more. It is written in a more complicated language, but
also is much more rigorous, as is expected. A very good shortened introduction to
sub-Riemannian geometry is given in a diploma thesis [6], which is written in a very
good way and was my own first taste of sub-Riemannian geometry and helped me
understand the basics.

There are many physical problems which utilize sub-Riemannian geometry, for
example, it appears in thermodynamics, where it was used to rigorously prove the
existence of enthropy and temperature, which is why sub-Riemannian spaces are often
also called Carnot-Carathéodory spaces and today they are used for optimizing paths
of heat engines. Another important physical usage for sub-Riemannian geometry is
for non-holonomic constraints in classical mechanics, these are constraints on velocity
which cannot be intergrated to constraints on position, for example a sphere rolling
without slipping or a person riding a bicycle. But these more physical problems would
be much less educational as a first view on sub-Riemannian geometry and would not
be that easy to understand, which is why the Dido problem was used as the example
in this thesis.
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Introduction

In basic differential geometry we have a basic object given by the pair of a manifold
and the metric tensor. When the metric tensor can compute the length of curves in

any direction it is called Riemannian geometry.

However, some manifolds have metric tensors
which can only compute the length of so called
horizontal curves, these are curves which belong
to something that we call a distribution.

We can imagine a distribution and sub-
Riemannian geodesics through one simple ex-
ample: Imagine you are trying to get from the
city of Bratislava to the city of Malacky, every-
one who knows the surroundings of our capital
knows, that the shortest path, in our language
a Riemannian geodesic, would lead through the
Sitina tunnel and we would be there in a short
while (except for the traffic jams). But now, let
us imagine we have a horrible situation, the Na-
tional Highway Company has closed up tunnel
Sitina and we suddenly have only one direction
in which we can go and that is one line, either

//\'w

Maldcky .

R sub-Riemannian
*, Riemannian ', geodesic

{ geodesic ezinok /
| Britisfava Senec

.‘{ ,t‘

Figure 1: Two paths between
Bratislava and Malacky

to the west or to the east. Let us say we try going east and we arrive to the city
of Pezinok and, who would’ve guessed, another road block, our chances of catching
our imaginary appointment quickly fade away as now the only path open is north to
south. And thus, through this series of roadblocks we finally (after about 2 hours)
arrive at the city of Malacky. We all feel that this wasn’t the shortest path and, of
course, it most likely wasn’t, we would have been extremely lucky to find the exact
shortest path by ourselves. Now let us imagine a special GPS, which would show us
the new shortest path, considering all the roadblocks and no roadblocks can surprise



2 Introduction

us then, using this magical GPS we would have finally had the real new shortest path,
with the roadblocks accounted for. And so, to convert this example to the language
used in the rest of the theses: Tunnel Sitina is a Riemannian geodesics, our intuition
and knowledge of the surroundings is the metric tensor, the series of roadblocks is
a distribution, the new shortest path is a sub-Riemannian geodesic and our magical
GPS is a cometric, which can be chosen in such a way that the distribution is encoded
within it. So, all in all, a sub-Riemannian object, which was originally encoded by the
triplet: manifold, metric tensor and distribution, can now be only a pair of objects:
manifold and cometric and that very much simplifies the situation.

Now that we all have an idea of what sub-Riemannian geometry is, let us now
segway to the second part of the thesis, where we will apply it on a quite simple, but
interesting problem. This problem is known as the Dido problem and it comes from
the ancient poem Aeneas from the famed Vergilius. In this epic we come across a
character, a queen named Dido. She was fleeing from her homeland and found refuge
in the north of Africa, where the local king tried to trick her, so he wouldn’t have to
deal with her anymore. When she asked him for some land for her stranded people,
he agreed, but as he did not want to part with too much of his precious land, he told
her that he will give her a plot of land which could be encompassed by the hide of
an ox. But Dido was a very intelligent woman who was not about to get tricked by
anyone. She agreed to the terms of the king, because she saw a loophole in them. She
did not simply stretched the ox hide on the ground and claimed the land beneath.
She had the brilliant idea to cut the hide into thin stripes, which she used to enclose
a much larger area, specifically an entire hill and thus the legendary city of Carthage
was found.

This interesting story sparked an interest between ancient Greek mathematicians,
as it is a quite interesting and non trivial question — how should Dido shape the thin
stripes, so she could get the largest area possible. And thus, the famed Dido problem
was formed. Let us now state it in a more mathematical and less mythical way. We
have a line of given length and we want to find the shape in which it would encompass
the largest area possible. The ancient Greeks correctly assumed that it would be the
circle or, in another formulation where the end points of the line have to share a line
between them, parts of a circle. Although they had the correct solution, they simply
weren’t able to prove it.

The breakthrough came much later, in the 18th century with two giants of mathe-
matics — Leonhard Euler and Joseph-Louis Lagrange, which were sort of the father
figures to a new field of mathematics called the calculus of variations and they are
a namesake of the Fuler-Lagrange equations, which are used to find the extremes of
functionals. It is through these equations that the Dido problem was finally and truly



solved.

Let us again move a tiny bit forward in time, where it was discovered that we can
use differential geometry to solve this ancient problem. This brings us little by little to
the other part of this thesis, as it can be solved by finding sub-Riemannian geodesics
on a specific Lie group, which has been called the Heisenberg group, as it has very
interesting implications in quantum mechanics. Some might say that using this quite
difficult mathematical apparatus of sub-Riemannian geometry would be like hunting
a deer with a bazooka, quite unnecessary firepower. And they would, of course, be
correct. And yet, it is such an interesting finding that in such a different field of
mathematics, very much divorced from the Dido problem as we know it and quite
some way off from the calculus of variations, the exact same correct result just falls
out of the sky, we just have to look at the solution for some time and we can find it.
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Chapter 1

Theoretical introduction

The theoretical basics, which are stated in this chapter, are given much more rigor
in the literature that I have used. The basics, the first two sections and parts of the
third are explained very well in [1]. The other part of the third section is covered in
more detail in [2].

1.1 Distribution on a manifold

The main difference between sub-Riemannian and Riemannian geometry is that the
metric tensor cannot make a scalar product of any two vectors in a point, only of
those that are in a subspace of its tangent space. This subspace is called a distribution
on the point x:

D, CcT,M (1.1)

When we want to define a distribution on a coordinate patch O C M of a manifold,
not in just one point, then we can write:
D= |J D, (1.2)

zeO

A distribution of dimension k on the whole manifold can be given, for example, in 3
ways:
1. k linearly independent vector fields
2.(n-k) linearly independent covector fields
3.(3) type tensor
For the vector fields e, we see that they create a basis of the distribution

YueD:u=u'e, (1.3)
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The covector fields #* are sometimes called annihilators of the distribution because
if we apply them to any vector from the distribution, then the result will be 0.

VvueD & VYO :{0,u)=0 (1.4)
n—~k ]
D= () Ker{6'} (1.5)
i=1

The (g) tensor h defines the distribution when we can state that:

Tm(h) =D (1.6)

We use the tensor as a linear map from covectors to vectors and we see that if we
raise any covectors index using it, we get a vector from the distribution. Let us now
look at how the tensor should look like, for this to be true. Let e, = (e, €;) be the basis
of our manifold, e, is the basis of the distribution and e; the basis of its complement.
Now, we can see that our tensor looks like this in this basis decomposition:

h = h%e, @ e, + h%, @ e; + h'%; @ e, + he; ® e; (1.7)

hab hai
(hia hzg) (18)

Let us now look at what the tensor does to a covector p = p,e® + p;e’, where e?, e
are the dual bases to our adapted basis.

In matrix form:

h(p) = (pph™ + p:h'®)eq + (pih™ + p;h7*)e; (1.9)

From our condition that the image of the tensor is the distribution, we can easily
see that h/* = h* = 0. Now we know that our distribution can be described by any
tensor of rank k£ that looks like this:

h = h%e, @ e, + hi%; @ e, (1.10)

And now we can simplify it a bit more, because we have some freedom in the tensor
by putting h® = h%?: hi® = 0. So in matrix form:

hab hai hab 0
() ) a1
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And now we have our distribution described by a symmetric (3) -type tensor of rank k.

Example :
Let 62 = dz + xdy — ydz = dz + r?dp be a given covector field in the sense of the
definition given before as the annihilator of a distribution VV € D: (§3, V) =0

i) Let V = a0, + b0, + c0, be a vector field. Find a relation between functions a, b, ¢
such that V € D

ii) Find basis vectors ey, es for D.
Solution :
For the first part we need to solve

(0, V) = (dz + zdy — ydz, ad, + b0, + cd,) = 0 (1.12)

From the definition of the canonical pairing and the dual basis, we can easily simplify
the expression to:

c=ay—br = V = a0, + b0, + ay0, — bxd, = a(0, + y0,) + b(0, — x0,) (1.13)
From the last expression we can easily see that basis vectors for the distribution are:

e1 =0y + Y0y e = 0y — 20, (1.14)

1.1.1 Integrablility of distributions

We need to consider the integrability of a distribution. When it is integrable, then
our distribution basically creates a submanifold, which is Riemannian by definition.
When it is non integrable, then we need to use the sub-Riemannian formalism. Luckily
there is a simple criterion, which can help us determine whether a distribution is
integrable or not. It is called the Frobenius’ criterion and it exists in two versions,
although we will use only one of them (the simpler one).

Theorem (Frobenius’ criterion):
D is integrable <— (U,V € D = [U,V] € D) (1.15)
Or in components if {e,} is a basis of D then:

eq, ep] = 5y (T)ee (1.16)
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With the knowledge of this criterion, we can now easily check, that the distribution
given in our previous example is non-integrable:

[617 62] = [89[: + yazv ay - xaz] (117)

0,0, + 90,0, — 0, — 20,0, — ryd? — 0y0y — 0, —y0,0, + 10,0, + ryd? = —20, (1.18)

9. ¢D (1.19)

So we can see that the commutator of the basis vectors of our distribution is not in
D, thus the distribution is non-integrable.

1.2 Fiber bundles

Another theoretical concept we will need to define is the fiber bundle. We are now
aware of the concept of a tangent space T, M, where vectors (velocities) exist and also
the cotangent space T M, where covectors (momenta) exist. We know that for each
point on the manifold M there is its own tangent/cotangent space. We can think of
these spaces as fibers and from those fibers, by stitching them together, we can create
another space and this space is called a fiber bundle. We can see that it has to be 2n
dimensional, for any n dimensional manifold, given by two sets of n coordinates (z?, v*)
where v are the coeficients in the coordinate basis decomposition of the vector v =
v'0; or (x, p;) where p; are the coeficients in the dual coordinate basis decomposition
of the covector p = p;dx’, the first n-tuple tells us, where we are on the manifold and
the second tells us about the particular vector or covector there.

™ = |J T.M (1.20)

xeM

We have met fiber bundles in our studies before, specifically in theoretical mechanics
as the phase space (T*M).

Let us define the fiber bundle more specifically: there has to be a typical fiber F to
which fibers over all the points F, are dipheomorphic, in our specific case it is the
space R™. Then there has to be the base space, in our case the manifold M and the
total space B = J,crq Fo in our case it is for example the tangent bundle 7M. Then
we need to define a projection from the total space to the basis space

T:B—-M (1.21)
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To understand the projection, we can look at B
what it does to a point on the fiber bundle T'M. ‘ ‘
Every point of the tangent bundle is a part of l l
a fiber - a tangent space, given by the point z 3 .7::53 -

on the manifold. Our projection takes a vector
from T"M and gives us the point in which the
tangent space exists.

7:TM — M; n(v) — x where v € T, M C TM M
(1.22)
Figure 1.1: Schematic representa-

So, having a defined fiber bundle means know- tion of a fiber bundle.

ing what B, M and 7 are. An easy way to visu-
alize tangent and cotangent spaces, and also the
notion of a typical fiber, in our case R", is to think of a north pole of an n-dimensional
sphere. For example, when it is a one dimensional sphere S!, which basically is a
circle, then it is the tangent line in that point and we can easily see that it is very
similar to R. When we look at what we regularly consider a sphere, denoted S2, then
we can imagine a tangent plane to the north pole of a sphere. We see that it is a flat
plane, very similar to the Euclidean plane R2.

1.3 Geodesics

1.3.1 Riemannian geodesics

In Riemannian geometry, an object is given by the pair (M, g) so by a manifold
and a metric tensor, which induces scalar product. A geodesic is a curve of extremal
length (in our case the shortest). We know that the length of a curve 7 from point A
to point B is given by the length functional:

] = /:3 V(. y)dt (1.23)

This is the formula for the length of any curve between points A and B, so we can
see that the shortest path between them must be

d(A, B) = inf(l[]) (1.24)

There is a different way to look at geodesics, which is also very useful. We need to
realize that geodesics are the equivalent of a straight line and we can ask ourselves how
do we describe this motion. After a quick thought we can see that it is the uniform
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linear motion i.e. motion with no acceleration. This motion can be be easily described
on a manifold (as we already know from Theoretical mechanics) by the free motion
Lagrangian (only the kinetic part)

: 1 G Lo
L(a:d) = 59:(a)d'd" = 59(%.7) (1.25)
It can be shown that the Euler-Lagrange equations:
d (0L oL
— (=)= =0 1.26
dt ( a4 ) dq ( )

which minimize the action of the system are equivalent to the geodesic equations,
which look like this in general and in coordinates.

Vi =0 = @+l %" =0 (1.27)

Where V4 is the covariant derivative of the curve’s velocity vector field with respect
to itself and I' ) is the Christoffel symbol (connection coefficient) induced by the
partial derivatives of the metric tensor (You can read more about Christoffel symbols
and covariant derivatives in chapter 15 of [1]). In this thesis we will only be considering
the Euler-Lagrange equations as our geodesic equations.

So the task of finding Riemannian geodesics comes down to solving Euler-Lagrange
equations given by the metric tensor on a given manifold.

There is another way in which we can look at this task and that is by looking at the
cometric tensor instead of the metric tensor. So now our object is given by the pair
(M, h) where h is the cometric defined by the relation gih" = 6! = h' = (g;;)~".

We know that as the free motion Lagrangian is given by the metric tensor then the
free motion Hamiltonian is given by its inverse, the cometric.

H(q,p) = ;h“b(q)papb (1.28)

It is easy to draw the conclusion that when the Lagrange equations were equivalent

to the equations of the geodesics, so would the Hamiltonian equations!:

OH . 0H

p= _87q’ q= (971) (1.29)

That assumption turns out to be correct, so we have two equivalent ways of computing
the geodesics, either we can use the metric or the cometric and that leads to computing
the Lagrange or Hamilton equations, respectively.

We have to compute both p(t) and q(t), but only ¢(¢) are important for our solution.
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1.3.2 Sub-Riemannian geodesics

Sub-Riemannian geodesics are given by the triplet of objects (M, g, D). In the
previous section, in which we defined distributions, we found that a distribution can
be expressed in terms of a symmetric (g)—type tensor. We still have some freedom in

choosing the exact tensor A% and a good way to choose it would be to make it satisfy
the relation:
h* g = 0} (1.30)

Let us recall that we got the original tensor h to the form

h= (hgb 8) (1.31)

by choosing a particular frame field which annulled the A% term in the tensor, which
can seem as a problem because now this relation is left a bit ambiguous as it seems to
be dependent on the coordinates so let us introduce a more rigorous relation.

Let us define the metric tensor g that satisfies the coordinate (and frame) free
relation?:

g(h(a),h(B)) := h(a, B) in frame components h*g.gh* = h*® (1.32)

Now we can see that this relation is satisfied regardless of the chosen frame field
and our tensor h which satisfies these relations is the cometric on our sub-Riemannian
manifold.

And now we can define the sub-Riemannian object by the pair (M, h), which
simplifies the situation. As h is the cometric, we can clearly see that the first option,
i.e. the computation of the Lagrange equations to find the geodesics, will be inaccessible
to us in this problem, but the second option still exists.

For the particulars of later computations, it will be beneficial for us to define
something called a canonical lift. It can be defined in a very similar way for covariant
tensors, but for sub-Riemannian geometry the lift of purely contravariant tensors will
suffice.

2h(a), h(B) are by definition from D, so our metric tensor is only defined on D, which is exactly
what we wanted.
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Definition :
For each strictly contravariant tensor B of type (]8) we can define the function B on
T*M such that:

B(p) = Bu(p, ..., p) (1.33)
In so called canonical coordinates (z°, p;) on T M it is written as:

B"(2)0; ® ...® 0; => B(x,p) = B (2)pi...p; (1.34)

Where p; are the coefficients from the coordinate basis decomposition of the mo-
mentum covector at point x.

p=pida’| (1.35)

We can rewrite the Hamiltonian using this function for the sub-Riemannian cometric.

H(z,p) = ;E (1.36)

We have already encountered this function in theoretical mechanics, although we
did not properly define it back then. Let us now show how this function works on the
coordinate basis vector fields and frame vector fields and then we can generalize it for
the cometric and write it in different ways, depending on what kind of basis we need.

(90M = Py p-th canonical momentum

(1.37)

€, = e (x)p, = Pa(z,p) a-th canonical momentum

Where e, is the frame field basis and e”(z) is the transition matrix to the frame
field basis from the coordinate basis. And then we can write the sub-Riemannian
Hamiltonian in these ways depending on the situation:

1. 1
H(z,p) = 5h = §habPan

= SH )R e (0)m) (1.38)
1
3

P (x)pupy

The geodesic equations are equivalent (see section 1.3.3) to the Hamilton equations:

OH OH
p= 20 =T 1.
Z o e (1.39)

for this specific Hamiltonian. And the solutions are automatically horizontal and
also extremal.
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1.3.3 Proof that the method works

Let us have a frame (e, e;) adapted to the distribution D on a sub-Riemannian
manifold (M, h) and let us define a Riemannian metric G in such a way, that our
frame (e,, ;) is orthonormal. Then we can write the metric in cometric easily like

this: ,
_ 5ab 0 -1 _ 0 0
e=( ) o= (0 1) o

We know that for a Riemannian manifold we can use the Hamiltonian formalism for
computing geodesics. There we can write the Hamiltonian and it looks like this:

1. 1
H(z,p) = ;G = 5(Pulu + PiF) (1.41)

But in this case we can see that the geodesics given by this Hamiltonian have no
reason to belong to the distribution, so as of now we cannot proclaim them to be
geodesics of the sub-Riemannian manifold. Let us introduce parameter \ which will
make the non horizontal curves less viable - artificially make them longer. So our new
metric and cometric will look like this:

(w0 (80
6= (s %) (0 2

Now that with A? >> 1 every movement which is not horizontal is very long so only
curves which are horizontal to the distribution in all points are viable candidates for a
minimum, we can also see this on the adjusted Hamiltonian:

1 1
Hy(@,p) = 5 (PaPa + )\QPZ-PZ) (1.43)

And then in the limit \> — co we get exactly what we wanted:

H(z,p) = ;(PaPa) (1.44)

which is the Hamiltonian corresponding to the given sub-Riemannian manifold (M, h)
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Chapter 2

Heisenberg group

This chapter is mainly a continuation and a short recap of exercise 10.2.6 from [1] ,
which is given in more detail in [3].

Heisenberg group H is a Lie group of 3 x 3 upper triangular matrices with 1s on
the diagonal.
b

1
A(a,b,c)= |0 (2.1)
0

S = Q

c
1

It can be shown by simple computation that these matrices satisfy the composition
law:

Ala,b,c¢)A(a,b,é) = A(a+ a,b+b,c+ ¢+ ab) (2.2)

From the third term we can easily see that these matrices are non commutative,
because of the ab term. Let us now compute its Lie algebra . From (2.1) we can
easily see that the Lie algebra must have the form:

0 2 =
X(z,y,2)= [0 0 y (2.3)
000
So a basis of the algebra is:
010 000 001
000 00 0 00

15
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Let us now look at the commutation relations between the basis elements of the
algebra, and it will give us a small insight to why it is named the Heisenberg group.
The commutation relations are easily computed:

[Ey, Bo] = Es [Ey,E5] =0 [Ey E3] =0 (2.5)

And when we look at these commutators, it can be seen that these commutation
relations are the same as the Heisenberg commutation relations in quantum mechanics

[Z,p] =ikl [2,ih1] =0 [p,ikd] =0 (2.6)

If we want to get the commutation relations for more canonical variables, we can
just promote x and z to n-dimensional vectors, so the modified matrix in block form
looks like this:

i 0 xI' z
X(xy,2)=10 0, ¥y (2.7)
0 0

Then the commutation relations look almost exactly like the more variable Heisenberg
commutation relations. Because of these properties, the Heisenberg group and its
representation can be used to show equivalence between the Heisenberg and the
Schrodinger pictures in quantum mechanics, if anyone would like to know more about
how specifically it can be done, it is done very precisely in [4].

Let us now look at how we could relate the coordinates on our Lie group to
coordinates on our Lie algbera. There is a very obvious way to do so. We can simply
write:

Afa,b,e) =1+ X (2,9, 2) (2.8)
and in matrix form,
1 a c 1 0 0 0 =z =z
01 b6bl=(010]4+1]0 0y (2.9)
0 01 001 0 0 0

So now the we can see the coordinates satisfy a very simple relation:
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2.1 Exponential coordinates

We can now look at a more complicated but also useful way of relating the coordinates.
From the characteristic equation of our general Lie algebra matrix X (z,vy, z) we can
see that all of the eigenvalues are zero, which satisfies the condition for a nilpotent
matrix, so we can see that the exponential of the matrix eX will be fairly simple. Let
us now calculate the powers of the matrix.

0 z =z 0 0 2y 0 00
X=|00 y| X*=1|00 0 X3=100 0 (2.11)
000 00 0 000

So we can now easily see that our exponential e* will have only 3 terms:
1
X =1+X+ 5X2 (2.12)
After a quick calculation, we get the following:

1z z2+%
eX=101 y (2.13)
00 1

So, possible new coordinates on the group could be (z,y,z) with the following
relation to old (a, b, c):
x
alw,y.2) =z bay,2) =y clay) =2+ (2.14)
Let us now check how the composition law looks like with these new exponential
coordinates, at first we will get the first two coordinates out of the way, as there is
not much happening there and it is quite straight forward and they basically stay
the same because a and b just turn into x and y. The main problem is with the ¢
coordinate which changes into z + %. It is important to note that the third coordinate
of the composition must also be of the form z + % so after we compute the third
coordinate as is, we must then subtract the term % with the new x and y which as
we already said will be = + &,y + ¢ let us look how it affects the third coordinate in
the composition law!:
~ x Ty
C+E+&b=2+§+5y—l—?y—|—$g:

1 1
:z+5+§(xy+2xg+5cgj):z+2+§(xy+xg+:iy+fg+xg—j:y): (2.15)

1 1
=z+Z+ (e +a)(y+9) + (25— 2y)

Y24+ 3)(y+9) = vy + 2§+ Ty + £ and in the second line we added and subtracted the term Zy.
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So now after subtracting the term 3(z + Z)(y + §) we can see that the composition
relation within the group with exponential coordinates is:

1
(5,2) 0 (7,5:2) = (& + By + G2+ 5+ 5 (4 — ) (216)

2.2 Generators of fundamental fields

Another information about the group that we will need to find are the generators of
the fundamental fields of right translation on the group. Let us recall what the right
translation on a group is:

Rsh=hg h,ged

(2.17)
Ry, g0 = hg1go = (Rg1h)92 = Ry, Ry, h

Now, we need to look at the way we can compute the generators of the right action
(i.e. fundamental fields on basis of the Lie algebra). We know that the representation of
the group from the action is given by the simple formula? p(g) = R} and we also know
that the derived representation of Lie algebra is given by the formula p'(X) = &x.
Let us recall that the way to find the way a derived representation from a given
representation is basically analogical to the method used for finding the Lie algebra of
a given Lie group:

p’(X)—jt(p (etx)) at t =0 (2.18)

In a more simplified and for our purposes beneficial form we can write:

p(L+eX)=1+¢ep(X) (2.19)

There is also an easy way to check whether we computed the generators of the
fundamental fields correctly, because they preserve the commutators of the Lie algebra,
so they have the same structural constants:

§imm;) = 8B EB,]
[E;, Ej] = By, (2.20)
[ng fEJ] = C;kEk

QR; means the pullback of the right action.
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So let us now use these methods for finding the generators of the fundamental fields for
our right translation. As we only need the basis we will be using X = E;, +=1,2,3:

1

RTLJrEElg(xaya Z) = g(.T,y,Z)g(E,0,0) = h(x + &Y,z — igy)
* ~ 1
R]l—i—aEgg(xmya Z) = g(l', Y, Z>9(0757 O) = h($, y+e,z2+ 55-1') (221>

Ry, .p,9(7,y,2) = g(x,y,2)§(0,0,¢) = h(x,y, 2+ €)

Now, to get these expressions to the correct form, so we could clearly see our
fundamental fields, we will use Taylor expansion on our function A for all three of our
expressions.

1 1 1
h(x +e,y,z — §€y) = h+€0,h — §5y8zh =(1+4¢(0, — §y83))h(x,y, z)

]’L(J?; y+e,z+ §€$) =h+ 58yh + §€$azh = (]l -+ 5(ay + §I82))h(x7 Y, Z) (222)

h(z,y,z4+¢) =h+cd,h = (1 +¢cd,)h(z,y, 2)
Now we can see that our derived representations and thus our generators are:

1
§E1 = az - §yaz
€u, = 0, + ;x@z (2.23)
£E3 = az

Let us check that our generators preserve the commutation relations of the Lie
algebra of the Heisenberg group.

[£E17€E2] -
1 1 1 1 1 1 1 1
(0,0, + 532 + 51:(91(92 — §yazﬁy — Zyx('?zaz) — (040, — =0, — Eyﬁyﬁz + 51:(928@« — Zl’y(?zaz)

2
= az = é 3
’ (2.24)

The other commutators are very simple and we can just look and see that they are
both equal to zero, so it is obvious that the structure constants are all zero except for

3, = —c3, = 1, which is the same as for the structure constants of our Lie algebra.

We can use this triple of fundamental fields as a (non-holonomic) frame field (since
they are linearly independent in each point). It will be very beneficial for us to also
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compute its dual co-frame field. We know that the dual basis must satisfy the relation:
(e;,€7) = 6]. We will use a general 1-form F' = A;dr + B;dy + C;dz and satisfy the
conditions for these constants which arise from this form being the dual basis to our

new basis °:

1
<F17€j> :5]1 :Al_iyclz]-

B =0
C,=0
(F? ) =06 = Ay + ;x()z =0
B, + ;ycg =1 (2.25)
Cy=0
(F3 e) = 63 = Ay — ;ycg ~0
B3 + ;ZCCg =0
Cy=1

The constants can be easily found from these conditions and now we can see what
our dual basis will look like:

el = dx

2 _

e’ =dy 1 (2.26)
e =dz — 5 (xdy — ydx)

We have one simple way in which we can check that we found the dual basis to
the generators correctly, because we know that each vector of the dual basis must be
a left-invariant covector field. Left invariant tensor fields are the fields that do not
change when a group element ¢ acts on them by the pullback of the left translation:

(Ly)'w =w (2.27)
Let us at first look how left translation by an arbitrary but fixed element g(a, b, ¢)
acts on the coordinates (z,y, z) and on the covector basis dz, dy, dz:
r—x+a dr—dx
y—y+b dy—dy (2.28)
z— z+c+;(ay—bx) dz — dz+;(ady—bdx)

3We used the linearity of the canonical pairing and the fact that (9,,,dz?) = §7.
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We can clearly see that the first two covectors of the dual basis are left invariant, the
only one which might seem problematic is the third covector, so let us check whether
it is truly left invariant:

1 1
L;(e?’) =dz+ i(ady — bdz) — 5((x +a)dy — (y + b)dzx) =
1 1 1 1 1 (2.29)
dz + iady — §ady - §bdx + §bdx — §(xdy —ydz) = €

So now we can see that we have found the covectors of the dual basis correctly as
they really are left invariant covector fields.

2.3 Finding the sub-Riemannian Hamiltonian

Let us now look at a distribution given by the vector field which is defined by the
first two generators of the fundamental fields, which we have renamed to e; and es.
We can clearly see that the same 2-dimensional distribution is given by the 1-form
(or covector field) which we have named e* because it functions as the annihilator of
these two vector fields. Now we have to check whether the distribution we have needs
to be treated in a sub-Riemannian way or it can be solved using basic riemannian
formalism.

We know from theory about distributions in this thesis, this question comes down
to the question whether our distribution is integrable. We already know a simple
criterion, which we have stated before and that is the Frobenius’ criterion, in this thesis
it is equation (1.15,1.16). Fortunately, we have already shown that the distribution
is not integrable, because we have already computed the commutator of these two
vectors:

[61, 62] = 82 ¢ D (230)

Now that we know that the sub-Riemannian formalism is needed, we need to find
the sub-Riemannian Hamiltonian, which will give us the hamilton equations that will
give us the geodesic we are looking for.

Because we do not want to complicate our lives too much, we can choose the most
simple cometric which will satisfy the relation that Zm(h) = D and this can be easily
done in this way that the cometric will look like this:

h = e1R®er+ e ®es (231)
So the Hamiltonian will look like this:

1. 1 1 1
H(r,p,t) = 5h =i +p3) = 5 (pi + 1, + pa(py —ypa) + 7P + y2)> (2.32)
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The fact that the basis vector fields of our distribution are left invariant vector fields
carries with it a very nice simplification for the calculations of the geodesics. We can
check that for left invariant tensor fields it holds, that they are entirely given by their
value at the unity element of the group, because they can be then easily pushed to any
given point by left translation. This is a very important observation, when we consider,
that the Hamiltonian is given by these vector fields and thus is also left invariant. So
if we calculate the geodesics starting at the unity element of the Heisenberg group, we
can then easily change the starting point by right action on the resulting geodesics
and it will still have the properties of a geodesic, only starting in a different point*.

v:R—H R,:H—H ~vyoR,:R—H (2.33)

4H in the following equation means the Heisenberg group, not the Hamiltonian.



Chapter 3

Dido problem - two different
solutions

In this chapter we will use our new formalism to solve an interesting problem which
appears in the calculus of variations. It is called the Dido problem and it is based on
an interesting old Greek myth. In the myth, the legendary Phoenician queen Dido,
founder of Carthage, is fleeing her homeland in Tyre. After a while she arrives in
North Africa, where she bargains with the locals for some land where she and her
people could seek refuge. She knew that the locals didn’t want to give up too much
land, so she asked them to give her only as much land as could be enclosed by the hide
of an ox and they reluctantly agreed so they wouldn’t have to bother with her anymore.
Only later did they realize that they have been tricked. Dido cut up the oxhide into
finde stripes, practically creating a very long rope which she used to enclose an entire
hill on which she was able to have found the city of Carthage. Dido’s problem is a
very interesting problem and we will look at both the classic solution and also the
new solution using sub-Riemannian geodesics of the Heisenberg group.

3.1 Classical solution of the Dido problem

In this first section we will be using the classical approach to solving the Dido
problem, the calculus of variations. The "Lagrangian” of the functional of length is
very well known, but let us state it one more time:

L =\Ji? 4y (3.1)
this is the standard parametrization of a line integral. Let us now look at the second

23
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part, which is the area functional. It can be easily computed as a surface integral, but
for us it would be beneficial if we could express it as a line integral. We already know
of one theorem which allows us to compute areas of a certain 2-dimensional surface
using a line integral. We will only need the 2-dimensional version, so let us state the
theorem:

Theorem(Green) : fas fdx + gdy = /S(&cg — 0y, f)dxdy (3.2)

From it we can see that we can compute the area of S using a line integral, we
only need to satisfy the relation 0,9 — 0,f = 1. We also want to be able to compute
the area given by an arbitrary curve between any two points and enclosed by going
from the origin to the first point and from the second point back to the origin, so we
satisfy the conditions of Green’s theorem, but we do not want the lines to and from
the origin to change the value of our line integral. So we need to find such functions,
which satisfy the following condition:

/fdx +gdy =0 V all curves parametrized as x(t) = kit; y(t) = kot Vki, ks € R
(3.3)

Let us now rewrite this problem and start solving it!:

[ + kgt = 0 (3.4)

As this rule must hold for any point in the plane, we can see that the integrand
must be zero. We also need to get rid of the k1, ks constants. We can do this quite
simply by taking the functions of this form:

flx,y) = —yh(x,y) g(z,y) = xh(x,y) where h(z,y) is an arbitrary function
(3.5)

Now we can check that the constants truly vanish after applying the parametrization
to the functions:

kflf + kgg = —klkzth(klt, kgt) -+ kzklth(klt, lef) =0 (36)

So now we can see that functions of this form do satisfy our condition which annuls
the line integrals on straight lines to and from the origin.

We still have some freedom in the particular choosing of the arbitrary function
h(z,y) and this will be used to satisfy the condition from Green’s theorem so we

'We have got this expression from differentiating dx using the chain rule: dz(t) = ‘é—fdt = kqdt

and analogically for y.
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compute the areas using the line integral. Let us now rewrite this condition for f and g
in their new form.

09 —O0yf =1 = h+20,h — (—h —yo,h) =1

3.7
2h + 20, h + yo,h =1 (3.7)

Now we can see what the function must look like, but we also see one very simple
solution, which is h(z,y) = 4 and so the integrand looks like this:

1
fdx + gdy = —yhdx + xhdy = i(xdy — ydz) (3.8)

Now that we have found the functional that calculates the area using the line
integral, we can begin solving the Dido problem using the formalism of the calculus of
variations. We can look at this from two angles which both give us the same answer.
Either we have a line of given length and we try to maximize the area, which is the
classical Dido problem from the story, or we have a given finite area and we try to
minimize the length of the boundary. We will be using Euler-Lagrange equations,
but because we have these specific constraints, we will also have to use the method
of Lagrange multipliers and for reasons of simplicity [ will only consider the second
approach as the calculation is virtually the same and they do give the same results.
Let us reintroduce our functionals which will appear in the integral.

L iy, 9,t) = \J#2 + 92

1
A (w,d,y,§:t) = 5(x9 = yi) (3.9)
F =L+ )\

Let us take our function for the Dido problem:

A
F =i+ + S (g - ya) (3.10)

We can easily see that the partial derivatives are as follows:

0.7 T A 0F .
o0i  Jiztrgr 20 or 2V (3.11)
0F U N, O0F AL '
oy Vi g 20 oy 2
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Now we can rewrite the equations like this:

i@ (07 _o7
dt \ 0 |  Ox
(3.12)
@ (07 _o7
dat\ oy ) Oy
In our case it would translate to:
4 (07N A d (A
at\ oz )~ 2V a \2Y 3.13)
d(oF\N_ A _df A '
dt\ 0y ) 2t T\ 2"
And we know that this holds for functions?:
df  dg
o - .14
il = f=g+C (3.14)
Therefore, it must be true that:
0.F x A T C
- Ay =2 S CZ/\( ):)\
e A e A NPV
O.F y A A y - C
oy VEIE 27T 2 T ymapE e ( A) )
(3.15)

We can see that the transformation of coordinates u = x — % and v = y+% does not
change differentials, specifically du = dx and dv = dy. We can rewrite these equations
using this known identity /a2 + 02dt = ds:

w du du ,
= =—= 1
ViZ+ 02 a2+ 02dt ds “ (3.16)

The same is true for v. So now our set of equations looks like this:

u =\
UI

T (3.17)

And now we can use the trick z = u + v:

2=+ = v —idu=—iAu+iv) = —ilz (3.18)

2These functions f, g are different from the functions in (3.8)
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Now we can solve for z:
2= Ae™™ (3.19)

Let us now take the square of the magnitude of both sides and then substitute back
for u and v:

<\ 2
C C\?
2P =v*+vP =0 — | + (y + ) = |A? (3.20)
A A
Let us now simply rename the constants:% = —b; % =a; |A| = R and we can

finally write:
(x —a)*+ (y—b)*> = R? (3.21)

Which is the general formula for a circle with arbitrary radius and center.

3.2 Dido problem through the Heisenberg group

The Dido problem occurs in the Euclidean plane, where we can compute area using
a line integral (like we showed in the previous section (3.8)). In chapter 2 we computed
the dual basis to the generators of the right action (2.26) and we can see that the
second part of €2 is exactly this integrand of Lagrangian that we found as the desired
function in (3.8).

Let us now introduce a trick. We shall amend our Euclidean plane to 3D in such a
way that the area dS between the curve and the origin ® and let us now say that the
curve rises by dS in the third dimension. This is exactly what annulling the whole
1-form e®. Now that we have used e?® as the annihilator of our new distribution, we
know that all curves in it will have the desired quality. When we now add a metric to
the distribution (so a cometric to the whole 3D space) in such a way that the length
of the 3D sub-Riemannian curve is equal to the length of its 2D projection and this
can be done in a way that e; and ey are orthonormal.* So the metric has to be dg; for
a,b=1,2 and thus the cometric (from (1.32)) has to be §%°.This is the way, in which
we found the cometric in equation (2.31).

Let us now, in the sense of this sub-Riemannian geometry, find the sub-Riemannian
geodesics connecting two points A and B. These points have some "heights” (z
components) and the difference in them is by definition the area under the 2D
projection of the curve and thus the area will always be the same, as the difference in
"height” is strictly given by the points themselves. Finding the geodesic now means

3Connected by imaginary straight lines from the origin to the endpoints of the curve.
4Their 2D projections in our case are d,,d,, which are orthonormal.
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finding the shortest line with a given area (let us recall that we measure the 3D curve
the same as its 2D projection). And this is basically the dual Dido problem, the
original is fixed length and maximizing the area and as we discussed in section 3.1,
they give the same results.

In the end of the chapter about the Heisenberg group we have derived the specific
formula for the sub-Riemannian Hamiltonian given by the distribution D on the group,
which was specifically given by the generators of the fundamental fields with the
exponential coordinates. Let us recall what the Hamiltonian looked like exactly in
equation (2.32):

1 1
H(r,p,t) = 3 (pi + p + p-(xpy — Yps) + Zpi(xz + yz)) (3.22)

We already know that the Hamiltonian equations given by this are equivalent to
the sub-Riemannian geodesic equations. Firstly let us write the equations:

. 0H Y ) oOH 1 1,
T = = Dy — <Pz r — — (=~ = — =P _ = X
op, e P p or ol 4P

__8H_ +g . 8H_1 12 393
V=op B, Py + 5P= Py = oy SPebz = P2y (3.23)
. OH 1 1, , OH

= = — —_ = —Pz > = —— :O
2= 2(9:py Ype) + 2P (" +y7) p P

One equation can be solved immediately and that is obviously the equation for p,
and we can see that p, = const. = p

Now we can begin solving the other equations, at first let us take the second time
derivative of coordinates x and y:
F=pe—y=—"1p —pjw—]gp —p2m=—p<p +pw> = —py
T2 270 4 27 Y
p. _p _p» p P (

. . p .
71‘_7px_7px+7px_7y_p px_y)_px

Y=Dyt 5T = 4 2 A 2

Having simplified the equations, we can use the substitution © = & and v = gy to
lower the rank of the differential equation.
U=—pv U=pu (3.25)
Let us use a trick from the lecture of theoretical mechanics and set a new complex
variable z = u 4 v and express Z from our equations:

Z=10+1i0 = —p(v —iu) = ip(u + ) = ipz (3.26)



3.2. DIDO PROBLEM THROUGH THE HEISENBERG GROUP 29

From this expression we can clearly see what our z must be:

z = Ae™ (3.27)

Now we need to go back to the original variables, so we can write:

d ,
r= =ity = d—(j:Aewt (3.28)
And now we can solve for ¢:
21
g—C = szewt (3.29)

Where C' € C; (€' =a+1iband AI% is a complex number, so we can write it in this
way Aé = Re"; R € R;p € [0,27). So now we have an equation in this form:

¢ — C = Re!Pt+9) (3.30)

And if we now take look at the squared norm of the complex numbers on both sides
we get to the desired equation:

lg— CI* = R?

(x —a)’>+ (y — b)? = R? (3.31)

Which is the general formula for a circle with arbitrary center and radius, which is
what we wanted to get. As it is the exact same as the classical solution of the Dido
problem.

Let us now also write the specific functions x(t) = Re(q) and y(t) = Im(q) as they
will be very helpful in calculating the rest of the equations:

z(t) = Rceos(pt + ¢) +a y(t) = Rsin(pt + ) + b (3.32)
And now let us look at their first time derivatives:

&(t) = —Rpsin(pt + ¢) y(t) = Rpcos(pt + ¢) (3.33)

We can now look at solving the differential equations given for p, and p, and we will
be calculating them in a similar way, which means taking the second time derivatives
of both of them:
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Now we can solve for p,:°
P
Pr = §R sin(pt + )

’ ? ?
Dy = gR/sin(pt + ¢)pdt = gR/sin udu = _ER cos(pt + ¢) + K, (3.35)

Dy = —gR/cos(pt + p)pdt + /Kggdt = —gRsin(pt + @) + Kt + K,

Now we can solve for p, in a very similar fashion:

=
Py = -5 cos(pt + )

) 2

By = —%R/cos(pt + )pdt = —%R sin(pt + ¢) + K, (3.36)
P [ p

py = —iR/sm(pt + p)pdt + /Kydt = SRcos(pt + ) + Kyt + K,

And now for the final equation for z we don’t have to do a second time derivative, but
we will have to play with the formula for a bit to see the solution:
.1 PPa o T Py py_ 1o
= - —Yps) + — = — —x) — =(px — zY) = =(2y — 3.37
é=glapy —ype) + (@7 +y7) = 50y + 52) = S = Ty) = 5(ay —ya)  (3.37)
Now we can simply put in x,y and their derivatives into the equation and then
simplify, so we get an exact formula for Z(t):

1
3= 3 (RQp cos?(pt + ¢) + aRpcos(pt + p) — bRpsin(pt + ) + R*psin®(pt + 90))

R? R
3 = Tp T 7p(acos(pt + ) — bsin(pt + ¢))
(3.38)

And now we can simply integrate the previous expression to get the exact formula for

z(t)

R, R’p
2(t) = 5((1 sin(pt + @) + beos(pt + ¢)) + — it K. (3.39)
Now we have successfully solved all the hamilton equations given by our subriemannia
Hamiltonian and it is important to comment that the exact expression for our geodesic
is given by all three coordinate functions, but the analog for the Dido problem is given
by its projection to the (z,y) plane and thus we can disregard z and we can rejoice
that we have found the exact solution which was given by the classic solution to the

Dido problem, which we calculated using the calculus of variations.

SSubstitution u = pt + ¢ du = pdt.



Conclusion

In this thesis we have laid down the theoretical basics for the method of finding
sub-Riemannian geodesics.

We have then looked at the Heisenberg group as a manifold, using exponential
coordinates from its Lie algebra, which have given us a distribution on it as given by
e; and ey (the two out of the three generators of right translation on the group) by
finding the generators of the fundamental fields with these coordinates.

Using Frobenius’ criterion it was shown that the distribution is non-integrable, thus
the sub-Riemannian formalism must be used.

Then, the dual basis to the basis given by the generators was computed, which gave
us the annihilator 1-form, which defines the same distribution and we have proved
that this 1-form is left-invariant. This made the computations easier, as we only
needed to compute the geodesic from the origin, as it can simply be pushed to another
point using left action of the group and the new geodesic will still satisfy the geodesic
equations.

We have then computed the sub-Riemannian Hamiltonian, which was used in the
later Hamilton equations for the system.

The solution to the Dido problem using the classical way, i.e., using the calculus of
variations, was computed and we found that the solutions are in the form of a circle
with arbitrary starting point and radius.

Finally, we have computed the Hamilton equations and have obtained the exact
same solution for the x and y coordinates of our geodesics, which proves that these
two methods are equivalent and that we are able to use sub-Riemannian geodesics to
solve the Dido problem.
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