COMENIUS UNIVERSITY IN BRATISLAVA
FACULTY OF MATHEMATICS, PHYSICS AND INFORMATICS

ABC OF NON-COMMUTATIVE GEOMETRY
BACHELOR THESIS

2026
MAREK SLIVA






COMENIUS UNIVERSITY IN BRATISLAVA
FACULTY OF MATHEMATICS, PHYSICS AND INFORMATICS

ABC OF NON-COMMUTATIVE GEOMETRY
BACHELOR THESIS

Study Programme: Physics

Field of Study: Physics
Department: Department of Theoretical Physics
Supervisor: doc. RNDr. Marian Fecko, PhD.

Bratislava, 2026
Marek Sliva






10467523

Univerzita Komenského v Bratislave
Fakulta matematiky, fyziky a informatiky

ZADANIE ZAVERECNEJ PRACE

Meno a priezvisko Studenta: Marek Sliva

Studijny program: fyzika (Jednoodborové stidium, bakalarsky I. st., denna
forma)

Studijny odbor: fyzika

Typ zaverecnej prace: bakalarska

Jazyk zaverecnej prace: anglicky

Sekundarny jazyk: slovensky

Nazov: ABC of non-commutative geometry

Anotacia:

Ciel’:

Literatura:

Vedici:
Katedra:

ABC nekomutativnej geometrie

Nekomutativna diferencidlna geometria je matematicka disciplina, ktora
prenikla zhruba od 90-tych rokov aj do matematickej fyziky. MysSlienka
bola nahradit’ (bezni komutativnu) algebru funkcii na varietach (napriklad
suradnice) prvkami nejakej nekomutativnej algebry (takze potom ,,suradnice
nekomutuja"). Tato mySlienka je pre (matematicku) fyziku zaujimava
tym, ze kandiduje na vysvetlenie Struktiry casopriestoru na ultrakratkych
vzdialenostiach (na Planckovej skale). V tomto pristupe sa totiz v istom
zmysle stracaju ,,presné" polohy bodov na prislusnej ,,variete", podobne, ako
sa to deje vd’aka Heisenbergovym vztahom neurcitosti vo ,,fazovom priestore"
v kvantovej mechanike. A predstava je, Ze presne to sa ma stat’ na vel'mi malych
vzdialenostiach aj s bodmi priestoru a Casu.

Cielom prace je vyratat, ako tu vyzeraju ,,vektorové polia". Potom skusit’
nejaky priklad na posobenie Lieovej grupy a vyratat' prislusné generatory
(fundamentalne vektorové polia). A samozrejme vsetko pekne a zrozumitelne
spisat’.

M.Fecko: Diferencidlna geometria a Lieove grupy pre fyzikov, Iris 2004, 2008,
2018

doc. RNDr. Marian Fecko, PhD.
FMFLKTF - Katedra teoretickej fyziky

Veduci katedry: doc. RNDr. Tomas Blazek, PhD.
Datum zadania: 26.09.2025

Datum schvalenia: 30.09.2025 doc. RNDr. Tomas Blazek, PhD.

Student

garant $tudijného programu

veduci prace



10467523

Comenius University Bratislava
Faculty of Mathematics, Physics and Informatics

THESIS ASSIGNMENT
Name and Surname: Marek Sliva
Study programme: Physics (Single degree study, bachelor 1. deg., full time
form)
Field of Study: Physics
Type of Thesis: Bachelor’s thesis
Language of Thesis: English
Secondary language: Slovak
Title: ABC of non-commutative geometry

Annotation:

Aim:

Literature:

Supervisor:
Department:
Head of
department:

Assigned:

Approved:

Non-commutative differential geometry is a mathematical discipline that has
penetrated mathematical physics since the 1990s. The idea was to replace
the (common commutative) algebra of functions on manifolds (for example,
coordinates) with elements of some non-commutative algebra (so that then
"coordinates do not commute"). This idea is interesting for (mathematical)
physics because it is a candidate for explaining the structure of space-time
at very short distances (on the Planck scale). In this approach, the "exact"
positions of points on the relevant "manifold" are lost in a sense, similar to
what happens thanks to Heisenberg's uncertainty relations in "phase space" in
quantum mechanics. And the idea is that this is exactly what should happen at
very small distances with points in space and time.

The goal of the work is to calculate what the "vector fields" look like here. Then
try an example of the action of the Lie group and calculate the corresponding
generators (fundamental vector fields). And of course, write everything down
nicely and clearly.

M.Fecko: Differential geometry and Lie groups for physicists, CUP 2006
doc. RNDr. Marian Fecko, PhD.

FMFILKTF - Department of Theoretical Physics
doc. RNDr. Tomas Blazek, PhD.

26.09.2025

30.09.2025 doc. RNDr. Tomas Blazek, PhD.

Guarantor of Study Programme

Student

Supervisor



Acknowledgments: I would like to thank my supervisor doc. RNDr. Marian
Fecko, PhD. for his valuable comments on this work, his patient explanation of the
theory, and for assigning this thesis. Next, I would like to express my gratitude to
my family and friends for their support and patience of not doing everything on time.
Last, but not least, I am very thankful to members of The Physics Correspondence

Seminar for many fruitful discussions.



Abstrakt

Cielom tejto prace je jednoduchym spdsobom popisat, ako nekomutativna geometria
pristupuje k situacii, ked sa komutativna algebra funkcii na variete nahradi nekomu-
tativnou algebrou. Préca sa zameriava na popisanie analégu vektorovych poli a ex-
plicitny vypocet fundamentéalnych vektorovych poli akcie konjugéciou Lieovej grupy
SO(3) na komplexnych maticiach rozmeru 2 x 2 a 3 x 3, ¢im sa ziskaju ich invariantné
podpriestory a identifikuju bazové matice ako vlastné vektory operatorov momentu

hybnosti.

Kracové slova: nekomutativna geometria, maticové algebry, inveriantné podpriestory
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Abstract

The aim of this thesis is to describe in a straightforward manner how non-commutative
geometry approaches the situation where the commutative algebra of functions on
a manifold is replaced by a non-commutative algebra. The thesis focuses on describing
the analogue of vector fields and explicitly calculating the fundamental vector fields of
the Lie group SO(3) acting by conjugation on complex matrices of dimensions 2 x 2 and
3 x 3, thereby obtaining their invariant subspaces and identifying the basis matrices as

eigenvectors of the angular momentum operators.

Keywords: non-commutative geometry, matrix algebras, invariant subspaces
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Preface

This thesis aims to describe as simply as possible some fundamental concepts in non-
commutative geometry. We hope it will be accessible to students who have completed
courses in Quantum Theory (1), (2) and Mathematical Physics, that is, to third-year
physics students. Since introductions to non-commutative geometry are usually math-
ematically very formal, this thesis intends to serve as a helpful starting point for those

approaching it for the first time.
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Introduction

It is known that one can associate to a (real) smooth manifold M the commutative
associative algebra of smooth functions on that manifold F(M). Because each manifold

has points where functions on it are evaluated, we can define point-wise operations on

F(M). Soforallz € M, N € R, and f,g € F(M):

(f +9)(x) = f(z) + g(x), (1)
(f9)(x) = f(x)g(x), (2)
(Af)(x) = Af(x). (3)

The algebra is closed with regard to these operations, because all of them are smooth.
Addition and multiplication of (real) numbers as results of the functions at points are
commutative, associative and there exists an identity function (everything maps to 1);
thus, it is really an algebra constructed out of the manifold.

A non-trivial fact is that it can go backwards, so a manifold is fully determined by
the commutative algebra of smooth functions on it (Gelfand-Naimark theorem). If we
have a non-commutative algebra (most naturally matrices), such a manifold does not
exist. Despite this, it is still interesting to study these algebras because this approach
has many applications, e.g. it is one of the methods of a regularization of QFT and a
useful tool for numerical modeling. For more details see for example [6], [9]. We will
not do any complex theory, just observe some elementary properties.

The idea of non-commuting coordinates is present in quantum theory. For example,
the position operator and momentum operator do not commute due to the Heisenberg
uncertainty principle. The phase space (positions, momenta) can be considered to be
fuzzy.

There is a hypothesis that at the Planck scale, it is impossible to distinguish points
below a minimal length scale, so the spacetime behaves as a "fuzzy manifold", meaning
there does not exist a precise location of points. In the classical limit (Planck’s constant
goes to 0), the fuzziness disappears. If the spacetime behaves as a fuzzy manifold, it has
some consequences that may serve to experimentally find some limits of that hypothesis

(for example, see [1], [8]).



In numerical models, it is impossible to work with infinite-dimensional objects be-
cause computers have limited memory. As an infinite-dimensional object, imagine, for
instance, a Euclidean space which has assigned a number in each point. A common
approach is to use a lattice, that is, to pick only finitely many points of the space.
This approach was used in QFT where some singularities can be avoided by replacing
a continuous space by a lattice. Even though it brings wanted results, it breaks the
isometries of the space which becomes discrete. The approach of the non-commutative
geometry (fuzzy sphere) preserves a full rotational isometry. Despite the origin of the
approach in QFT, it may be used to study classical phenomena, see [10].

Euclidean space has a maximal possible number of isometries (depending on the
dimension, one can, for example, translate objects in 1D). An isometry is a transforma-
tion of the manifold that does not deform objects on it, i.e. all lengths and angles of it
are the same as before the transformation. To define a usual geometry (or to measure
lengths and angles) it is necessary to have a metric tensor, so we have to work with
Riemannian manifolds. We will briefly remind how lengths and angles are defined.

Let (M, g) be a Riemannian manifold and f : M — M a diffeomorphism (so that we
do not need to discuss the existence and properties of the corresponding pushforward).

The length of a curve v on M can be defined as
t2
Iy, 9] = / dt v/ g(,79)- (4)
t1

Now when f transforms 7, it means that its length maps to I[f o 7, g] = {[, f*g]. [3]

v
To prove it we need to know how pullbacks and pushforwards work.

The pullback of functions on a manifold M:

ML m
L
R

so f*h =ho f.

The pushforward of vectors:

™ L M

lﬂ— M lﬂ'M

M—

This simply says that T, M > > f,¥ € Ty M and y — f oy, where my is a natural
projection from the set of pairs (vector, point on M in which the vector sits) to the
point on M (in other words, the vector is forgotten), T, M is a tangent space on M in

the point = and (T'f)(v) := f.v, where v on the left-hand side is considered as a point
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of T'M and on the right-hand side as a vector in a point x € M. Another definition is
that f.y = (f o ) because the vector 4 transformed by the pushforward has to be the
same as when f transforms v and then the tangent vector is computed.

Now a short computation

l[fO%g]Z/th\/g((fév),(fév))=/2dt\/9(f*%fn):

; " o)

B /tQ dt /(f*g) (%, %) = Uy, fg].

t1

The angle between vectors v and w is defined as

cosq = 9(v,w) (6)

Vv, v)\/g(w, w)

and it is obvious that when we transform vectors by pushforwards, at the end we will

obtain a pullback of the metric tensor as before. [3|

This can be interpreted straightforwardly. First of all, let us imagine metric tensor
as a dwarf sitting in each point of the Riemannian manifold. When we ask about the
length of a curve, we first have to identify dwarfs that lie under the curve. These dwarfs
can do only three things: measure infinitesimal lengths of curves above them, measure
angles between vectors that have their common starting point above them and report
to us the results of their measurements. Then we find the sum of the lengths from the
dwarfs and define it to be a length of the curve.

We have a curve and are interested in how its length changes after a transformation
the result of which is that the curve may be moved elsewhere. The computation shows
that it is the same question as what is the length of the curve that stays in its position

but when dwarfs under it move (or their measuring devices are deformed).

We now see that transformations that do not change the length have to obey:

f*g = g (measuring devices of dwarfs are invariant with regard to f or they do not
move). Because metric tensors are symmetric, this is a system of n(n+1)/2 conditions
where n is the number of coordinates. The transformations with this property are
called isometries of the Riemannian manifold.

One may ask here: is it appropriate to write a page about isometries in a thesis that
is about something different? No, it is not. But if we want to reflect the importance of
isometries we will not have any space to do the things that are in the thesis assignment
so we have to stop somewhere.

After this subtle indication of the importance of isometries one may expect that
we want to have as many of them as possible. Useful tools used for finding isometries

obtained as a continuous deformation of an identity are Killing equations. The most



important fact is that the algebra of Killing vectors (solutions of Killing equations) is
always finite-dimensional contrary to the dimension of the algebra of all vector fields.
Moreover, it can be shown that for a n-dimensional manifold the highest possible num-
ber of isometries is n(n + 1)/2 which is the actual number, e.g., in (pseudo)Euclidean
manifolds and on spheres. [3]

For this reason, we will use a sphere S? as our space. It is natural to study actions
of the group SO(3) of rotations of 3D Euclidean space because a sphere is rotationally
invariant so this is a group of its isometries.

One may argue that a lattice may have some isometries, too. This is true, but they
are not continuous, so only the discrete transformations that map points of the lattice
to other points are accepted. The approach of non-commutative geometry allows some
continuous symmetries and there is still an advantage that we work with something
that is finite-dimensional.

As was suggested, we replace the commutative algebra of functions with something
non-commutative. Because matrices in general do not commute, functions may be
replaced by square matrices of a fixed size.

One of our aims is to find an analogue of vector fields. In differential geometry, a
vector field V' on a manifold M means that there is a vector at each point z of the
manifold. Alternatively, it is an operator that maps a function on a manifold F (M)
to another function on M in a way that the vector field applied to the function gives
a function defined on each point of the manifold by applying a vector to the original

function.

Vi FM) = F(M); f=V (V)(@):=Valf) (7)

Smooth vector fields X(M) are those that assign a smooth function to every smooth
function.

Vectors on a manifold can be treated as differential operators that are evaluated at
points. Equivalently, they are equivalence classes of curves with respect to the relation
of being tangent at a point or linear functionals on F (M) that act on products according
to the Leibniz rule. This means that there is a correspondence between the vector field
and a derivation of the algebra of smooth functions on the manifold because it is a
set of linear mappings that obey the Leibniz rule. Thanks to the Gelfand-Naimark
theorem it is sufficient to study the algebra of smooth functions on a manifold instead
of the manifold itself. This leads us to the study of derivations of the non-commutative
algebra, because a fuzzy manifold is not a manifold in the standard sense and is hard
to study.

We will use the notation |7, m) for a basis, but in the literature (for instance [4]) it
is common to use Y}fg ) for a matrix algebra, where [ stands for j.

It is known from quantum mechanics that the action of SO(3) on the algebra of

4



functions on a sphere leads to a decomposition of the space of functions into irreducible
components, for which spherical harmonics Y}, form a basis. In analogy to Fourier
series, spherical harmonics are an orthonormal basis in the space of functions on a

sphere. Functions Y;,,(6, ¢) are eigenfunctions of L3 and L? that obey equations

and

L3Yi(6,0) = 11 + 1)Yi (6, 6). (9)

where [ € N is a non-negative integer and m € [—[,{] N Z. We will use a convention
h=1.

These functions can be expressed in a way

Yim (0, ¢) = Cion P! (cos 0)e™?, (10)
where 4
PM(z)=(1- :c2)m/2dx—mPl(w), leN,meN, m<I |z|<1 (11)

are associated Legendre functions to Legendre polynomials

1 d 9 l
C,, are normalization constants so that
2 s
/ d¢ / df sin@ Y, Vi, =1, (13)
0 0

which is a convention that they are normalized on the unit sphere.
Any square-integrable function on the sphere f(6,¢) € L?(5?%) can be decomposed
as l
£0,0) =" anYim(0,0), (14)
=0 m=-1
where

o= [ 40Y;51(0.0) (19

More details can be found in Chapter 4.9 of [7]. Our aim is to find a similar decompo-
sition of "functions" on a fuzzy sphere.

In this thesis, we will start by introducing some properties of the algebra M, (C),
continue by describing its derivations and automorphisms, introduce a scalar product,

and find eigenvectors of the operators J; and J2.






Chapter 1

Algebra M, (C)

Technical definitions of an algebra can be found in Appendix A: Algebra. We define
M, (C) as an algebra of all n x n complex matrices, so a set of matrices equipped
with standard matrix multiplication and addition, together with the possibility to
multiply any matrix from it by a complex number. Because of the properties of matrix
multiplication, this algebra is non-commutative. A useful point of view is that the
matrices form a vector space where we define a multiplication. A natural question may

arise: which basis is practical to use?

1.1  Weyl basis

The easiest way is to take as basis matrices those that have a 1 in a single position
and zeroes elsewhere. The Weyl basis is exactly this. Its elements are labeled by two
indices which define the column and row. When using matrix elements, elements of
the Weyl basis can be defined:

(EL); = ;6% (1.1)
Any matrix B € M,(C) can be written as
B = BjE]. (1.2)
Now make a short computation.
E{ B, = (Ef By)iBg = By(B)§(E;)] = Ejo70]6.0) = E'5, (1.3)

Here we have to emphasize that indices of E just choose a single basis matrix, so this
notation may be a bit misleading, because §* at the end equals 1 for a = k regardless
of the dimension of the space, 0 otherwise.

One short computation is not enough; we will show another using the previous one,
because commutators will appear frequently (all indices are fixed and do not imply a

summation).
[EY, El] = ELE! — E/E), = El6! — E}6) (1.4)

7



The basis can be illustrated with 2 X 2 matrices:

10 0 1 00 0 0
El = . E?= . El= . E2= . 1.5
! (0 0) ! (0 0) 2 (1 0) 2 01 (1.5)

One may notice that the indices of row and column are interchanged, but it is because

we want B} in (1.2) to be in the standard way (upper index for rows).



Chapter 2

Derivations of M, (C)

A vector field on a manifold prescribes a vector at each point of the manifold. Vectors
can be interpreted as differential operators evaluated at points or as linear functionals
on the algebra of smooth functions on the manifold that act on multiplication according
to the Leibniz rule. This means vector fields can be regarded as derivations of that
algebra.

By derivation D, we mean any linear operator that acts on a product according to

the Leibniz rule:

D(AB) = D(A)B + AD(B). (2.1)
Linearity of D means
D(A+ AB) =D(A) + \D(B) (2.2)
and consequently
D(B) = B!D(E!) = B/DI'E}., (2.3)

where the first equality enables us to work only with the Weyl basis (1.1) and the
second reflects the fact that it is a linear operator?.
The Leibniz rule:
. 1 , _—
D(E!E}) = D(E;5]) = 6, Di, B}

D(E])E} + E/D(E}) = Djj E}8] + E}8)Dy;, = DjlE, + D, EY.

ky—1

(2.4)

2

We do not need to work with whole matrices; it is sufficient to write equations for

their general () element which results in

5] Dl = DIt + DY oe. (2.5)

Tt has four indices because each basis matrix is labeled by 2 indices and we want it to be an

operator from the space of matrices to itself.



If both sides of an equation are multiplied by the same number, its solutions remain
the same.?

The resulting equation is not easily solvable, so we will discuss some partial condi-
tions. It seems like a good idea to decrease the number of indices. As the first step we

will multiply the equation (2.5) by (5? which leads to

Dy =0 (2.6)
that holds for any ¢ and a so 0] was omitted. It means that whenever the upper and
lower second indices coincide, the result is 0.

Now we multiply the equation (2.5) by 62 and using (2.6) obtain
. ! .
Dl = —Dj.. (2.7)
Multiplication of (2.5) by deltas seems to be helping us, so let us multiply it by 07 .

o G w -
81D}y = DI6, + D67 = Dif'6y — Dy 6 (2.8)

Now consider that 5? = n, where n is the dimension of the linear space on which
the matrices act (i.e. it is the same n as in M, (C)). As can be seen, each element of
D on the right side has two indices the same, which means that it can be treated as
an object with only two indices (something like a trace or a contraction of a tensor).
So let

Dp =D (2.9)
nDl = Ds! — D¢ (2.10)
1
Dij = —(D§d, — Digf) = A{6, — Ayt (2.11)

In the last step matrix A was constructed out of the matrix D, which is arbitrary,
taking into account that n is just a non-zero constant. We now show that D is given

by a commutator.

v
After putting this result into (2.3), one can obtain

(D(B)); = B} (ATE] - AJE}), = B} (A} (E])? — A](EDY) =
= B! (A¥slof — Alstsl) = BIAY — BIAT = [A, B2,

[ YcYs

(2.12)

2Except for the multiplication by 0 which leads to an identity 0 = 0 that will not be discussed here,
because it is out of the scope of this work and we offer opportunity to solve it to someone else with
a better funding necessary to compute it; but it seems likely that a solution to the initial problem, if

found, is a solution to this problem, too, even though the equations are not equivalent.

10



This means that all derivations have the form

where A is a matrix characterizing the derivation. Note that [A4+ A1, -] = [A, -] because
the unit matrix commutes with all matrices.
We would like to point out that the commutator of two derivations characterized

by different matrices is a derivation again, namely

[DA17DA2]B = D[Al,Ag]B' (214)

[Da,,Da,|B=DsDs,B—Dn,Da,B="Da,[As, B] — Da,[A1, B] =
=Da,(A3B) — Dy, (BAy) — Dy, (A1B) + Da,(BA;) =
= [A1, A2 B] — [A1, BAy] — [Ay, A1 B] + [Ay, BA ] =
= A1AsB — AyBA; — A1BAy; + BAY A — (2.15)
— AsAyB+ A1BAy + AsBA) — BA Ay =
= A1AyB — AyA1B — BA1As + BA A, =
= [A1Ay — Ay Ay, B] = [[A1, As), B] = Dia, 4, B

11



12



Chapter 3

Automorphisms of M, (C)

An automorphism f of the algebra M,,(C) is in general an endomorphism that preserves
all the structure. Here it is a linear bijective map which respects the product, so for
any A € C, A, B € M,(C):

f(AB) = f(A)f(B), (3.1)

f(A+AB) = f(A) + \f(B). (3.2)

Why should we study automorphisms of an algebra? In differential geometry, we
can take a smooth manifold M and a compatible Lie group G.! Then for g € G there
can be defined a right action R, : M — M, which is a diffeomorphism (a smooth

bijective mapping with smooth inverse) with properties:
Ry = Ry o Ry, R, =idy, =:id Vg, h € G (3.3)

[3].

Because each group is isomorphic to some group of transformations (Cayley’s the-
orem), we can say that an action of a group describes how a group moves points of M.
Left actions can be defined analogously, but the order in the composition will be the
opposite. [11]

First of all, idy(z) = R.(z) = = where e is a unit element of the group.

(Ry 0 Rp)(x) = Ry(Rn(z)) = Rpg(z), because it is a right action. For a fixed g:
RyoR;1 = Ry-10 Ry = R..

Now consider F(M) > f: M — R. It is a function that takes a point from the
manifold and returns a number. Nothing can prevent us from applying this function
to a point already moved by a diffeomorphism, so we may define (R f)(x) = f(Ry(z)).
This is well defined because the function f works on the whole manifold and the action
just moves points to (possibly) other places. Moreover, the new function called the

pull-back of f by R, is smooth. Since the group action M x G — M is smooth and

1'We choose a manifold and a group of symmetries of it, which does not have to exist in general.

13



for any fixed g the map R, : M — M is smooth, the composition of smooth functions

is smooth, too.
We have defined a new mapping R}, : F(M) — F(M). It is linear because

Ry(f +Ah)(x) = (f +Ah)(Ry(z)) = f(Ry(x)) + A(Ry(x)) = Ryf () + ARh(z). (3.4)
Moreover, the product is preserved:

Ry(fh)(x) = (fh)(Ry(x)) = f(Ry(x))n(Ry(2)) = (Ryf Ryh)(x). (3.5)

This shows that R; € Aut (M) is an automorphism of F(M). The map g+ R; is a

representation of G on F(M).

(Rg o Ry)f(x) = Ry(Ry f)(x) = f(Ra(Ry(2))) = f(Rgn(x)) = Ry, f (), (3.6)

so it is a left action.? More details can be found in Chapter 13 of [3].

We see that actions of groups on a manifold induce, via pull-back, actions on the
algebra of smooth functions on the manifold.

In our case, we replace the algebra of smooth functions by matrices where e.g. the
group SO(3) does not act by rotations as in the Euclidean space, but by conjugations

by unitary matrices.

3.1 Group of all automorphisms of M, (C)

All automorphisms form a group Aut M, (C) and it would be nice to have another
interesting group. It can be seen from the fact that automorphisms are maps that
preserve all structures, so their composition has to preserve them, too, and it means
that the composition is in the group. An inverse element exists because of the bijectivity
and the neutral element is the identity map.

We state without proof that any automorphism of the algebra M, (C) must be a
conjugation by a fixed matrix.®> A hint on how to prove it can be found in an exercise
in [2], in the chapter about the Skolem-Noether theorem (which treats a more general

case).

Aut M, (C) = {Ig; G € GL(n,C), Ig(M) :=GMG™" VM € M,(C)} (3.7)

2A very important observation that protects the reader from reading about contravariant functors.
3Note that matrices which differ just in a scalar multiple produce the same result of the conjugation.
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We can check that conjugations are automorphisms. Multiplication of a square
matrix by two square matrices results in a square matrix, so the result is from the same

set.

I6(AB) = GABG™ = GAG'GBG™ = I4(A)I¢(B) (3.8)
Io(A+ AB) = G(A+ AB)G ™' = GAG™' + GABG ™! = Ig(A) + Mg(B)  (3.9)
id(A) = Ig1 (Ig(A)) = GT'GAG™'G = A= GGTTAGG™ =I5 (Ig-1(4))  (3.10)

This shows that conjugation preserves multiplication and addition and enables us to
simply define an inverse element while the identity map is formally a conjugation by a

unit matrix. Scalars are fixed because they commute with every matrix: Ig(\) = .

A
Now we can construct the algebra of derivations Der(M,,(C)) just by considering
a group action generated by elements near the identity, i.e. we will construct a one-

parameter subgroup. Let
I(t) € Aut M, (C) VteR (3.11)

and

1(0) = id. (3.12)
Let G(t) = €', C' € M, (C) be a one-parameter subgroup, and I(t)(M) = G(t)MG~(t).
Then for 0 <e < 1:

I(e)(M)=(1+eC)M (1 —eC) + O(e*) = M +¢[C, M] + O(?). (3.13)

As expected from (2.13), we have obtained the commutator with a fixed matrix which
is exactly the derivation.

We have implicitly used the fact that a representation of G on a vector space V
induces, by conjugation, a representation on the space of linear operators End V.

Let V.=C", W > A: V — V is a linear operator (in our case W = EndV =
M,(C)) and p(g) is a representation of G on V', g € G. We define

plg)A = p(g)Ap~ (g). (3.14)

p(g)A is linear, because it is a conjugation by a fixed matrix. It is a representation,

because

plgh)A = p(gh)Ap~"(gh) = p(g)p(h)Ap~ ' (h)p~'(g9) = (p(g) o p(h)) A, (3.15)

plgh) = p(g) © p(h). (3.16)
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What is more, it is an automorphism of the algebra End V.

p(9)(AB) = p(9)ABp~'(9) = p(9)Ap~ ' (9)p(9)Bp~'(g9) = (p(9)A) (p(9)B)  (3.17)

Returning to our motivation, our algebra is M, (C) which has a known group of
automorphisms Aut M, (C). Finding fundamental vector fields is equivalent to finding
the corresponding derivation, which has been done both from the definition and from
the properties of one-parameter subgroups. Our next aim (Chapter 5) is to take the
action of a Lie group and to calculate the generators, i.e., fundamental vector fields for
X = E; (basis element of the Lie algebra?).

Just to remind, in differential geometry the fundamental field of the action R, on
M is defined as

5)((.17) = % Rexthx> reM (318)
¢x (@) = 5(0), v(t) == we'* (3.19)
3]

Subsequently, we can find analogues of vector fields on M,,(C), but we already know
that right actions of one-parameter subgroups are in our case conjugations; therefore
the fundamental fields are commutators with the matrix X that we choose to be a

basis matrix of the corresponding Lie algebra, namely [E;, N|, N € M, (C) because

En(N) = &

= ePiNe i = [E;, NJ. (3.20)
dt |,

40r, as it is done in Chapter 5, i-multiples of them.
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Chapter 4

Matrix norm and an invariant scalar

product

We want to observe how a group acts on the algebra M, (C) and we will see that the
latter decomposes into subspaces. We want to check whether basis vectors of these
subspaces form an orthonormal basis, but to define norm and orthogonality one has to
define a scalar product.

First, we want to define the norm of a matrix. We define the scalar product, so that
the norm of a matrix is the square root of the sum of squares of the absolute values of
its entries.!

(A, A) = A;; A5 = AL A = tr(ATA) (4.1)

In the last term, the indices j arise from the matrix multiplication and indices ¢

from the trace. The trace happens to be linear,
tr(A+ AB) = (A+ AB); = Ay + ABy; = tr(A) + M tr(B). (4.2)
There is another useful property of the trace:
tr(AB---YZ) = ApBye - Yy Zoi = ZjAisBpe - - Yy, = tr(ZAB---Y). (4.3)
In line with the original motivation, we define the scalar product as
(A, B) :=tr(A'B). (4.4)

The first question is whether this is indeed a scalar product. It preserves addition

and is linear in the second slot and anti-linear in the first (so sesquilinear)?, conjugate-
symmetric and positive-definite,
(A, B+ \C)=(A,B)+ X (A,C), (4.5)

1One may ask why we define it in this way. The inspiration is taken from vectors where it is the

same. There are other possible norms of matrices (one can be found in [5]), but we will not use them.
2Just to note, [11] uses an opposite convention in Chapter 17.3.
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(A,B)" = (B, A) . (4.6)

Positive definiteness comes directly from the construction as we sum squares of
norms (so squares of non-negative numbers).
Now we can observe what happens if we multiply the second argument by another

matrix from the left.
(M, AN) = tr(MTAN) = tx((ATM) N) = (ATM, N) (4.7)

A natural question can arise: what if we act with a derivation A = [A, ] on N? It

can be shown that
<M, AN> = ([Af, M],N) =: <ATM, N> , (4.8)
which means that if the matrix A is Hermitian the entire operator is Hermitian.

v

(M, AN) = tr(MTAN) = tr(MTNA) = tx((ATM)' N) = tr(AMTN) =
= tr((A'M)" W) = tr((MAT) V) = (ATM, N) = (MAT,N) = (49)
= ([A", M] . N)

4.1 Invariant scalar product

Let A, B € M,(C) be vectors from a vector space, G is a compact Lie group and p
its representation (conjugation by group element). It is known ([3] 12.1.12) that for a
compact Lie group G (or a finite group ([3] 12.1.11)) there exists a p-invariant scalar
product. It means that a scalar product remains unchanged under the action of any
g € G on both vectors via p.

Let us check whether our scalar product is p-invariant. The groups we may be
interested in are SO(3) and SU(2) (both Lie groups and compact). Elements ¢ (rep-
resented as matrices A) of the first one have a property ATA = 1 and of the second
one ATA = 1 while in both of them det(A) = 1. These properties hold for the matrix
representations we consider. Because elements of SO(3) are represented as real ma-
trices, Hermitian conjugation is equivalent to the transposition (we want them to be
unitary, but for real matrices unitarity reduces to orthogonality). We will study the

representation by conjugations. The result
(AMA™' ANA™") = (M, N) (4.10)
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shows that our scalar product is p-invariant.

v

(AMA™, ANA™) = tr((AMAT) ANATT) =

AT MATANATY)

(4.11)
= tr(AMTNA™") = tr(A"AM'N) =
= tr(M'N) = (M, N)
A
4.2 Matrix norm and a dual space
The norm of a matrix M can be defined as
[M]| =/ (M, M). (4.12)
We do this to obtain an orthonormal basis.
Now one can recall a basic property of orthonormal vectors [7]:
(j,m|j’,m’) = 5jj’6mm’- (413)

This symbolism may be a little bit confusing, because (j, m| is a covector. We can
define

{g,m| = (g,m), ). (4.14)

Since it belongs to the dual space, it should obey certain transformation conditions.
First of all,

<<.77 m| ) |j/7 m/>> = 5jj’5mm/a (415)

where (-;-) is bilinear pairing. This is obvious from our definition of the dual basis
and the condition of orthogonality (this equation is just a combination of the previous
ones). Next, if we change the basis of the linear space M, (C) by a transformation by

a matrix A, |j,m) — |j,m) = Al|j,m) we can observe how the (proposed) dual basis

changes.

—_

Goml = Goml = (ljm), ) = (Aljim) o) = (g, m) A = (Jj.m), A7) (4.16)

The proposed dual basis is really a basis of M*(C).
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Chapter 5
Representations of su(2) and so(3)

In this chapter, we explicitly calculate what the generators look like. We will be
interested in the group SO(3) (A € SO(3): ATA =1, det(A) =1).

The first observation is that the Lie algebra su(2) is isomorphic to the Lie algebra
50(3) and they are the Lie algebras of SU(2) and SO(3) (note that SO(3) = SU(2)/Z,,
so we will be effectively interested only in SO(3)). [3]

It is known from quantum mechanics [7] that all irreducible complex representations
are labeled by 7 and the dimension of a representation labeled by 7 is 274 1. For a fixed
7, m can have values —j,—j 4+ 1,...,5 — 1,4, so the allowed j values are half-integers

(even though only integers will appear). Our aim is to find |7, m) as matrices.

5.1 Representations of su(2) by derivations of M,(C)

The algebra su(2) can be represented by 2 x 2 anti-Hermitian traceless matrices. After

! Because a basis of su(2) is

multiplication by i, these matrices become Hermitian.
given by —i/2 multiples of Pauli matrices, when using Hermitian matrices, we will take
1/2 multiples.

We will use matrices

01 0 —i 10
Ul:<1 o)’ UQ:(@' 0)’ 03:<0 —1) &1)

1

The following commutation formulae are useful:

and

[Uaa Ub] - 2i5abcam [Sa, Sb] - iéabcsm (53)

ITo be more precise, ¢ multiplies matrices that represent the algebra, not the abstract generators
themselves. In the real life, we do not want imaginary spectra and this step is exactly what is needed
to obtain the real ones which seem to be a little bit more realistic. Furthermore, thanks to this

property, derivations as commutators with these matrices are Hermitian, too. See (4.8).

21



where the last one satisfies the condition for structure constants ¢, = i€4p..

There is an identity:
0q0p = 5abﬂ + igachc. (54)

Consider the representation given by derivations of Ms(C):

From the general theory, if F, are basis elements of an algebra, structure constants can
be defined as

E,, By = ¢ E.. 5.6
ab

This has to hold even after taking the corresponding representations J; = p/'(E;) (Ap-
pendix B: Commutation relations preserved by a representation).
As is known from quantum mechanics, we can choose two commuting operators of

angular momentum, in our case those satisfying the following equations:

T2 |j.m) = j(j + 1) [, m) (5.7)

and
J3 ’j7m> :m‘j7m>7 (58)

where |7, m) is a common eigenvector and J? = J,J,.

It will be helpful to compute s,s, using (5.4).

1 1 1 3
— 0,0 = =01 + i — 29 .
SaSa = 70404 4(5aa + Ji€aacOc = (5.9)
From equation (5.7) can be obtained:
JodaM = [84, [s0, M]] = j(j +1)M (5.10)
which leads to
3
{5 — G+ 1)] M = 25,Ms,. (5.11)

Indeed,

JodoM = J3[Say M| = [Sa, [Sas M]] = Sa[Sa, M| — [Sq, M]s, =
3 3
= S48aM — 5, M, — 8¢ Msg + Msys, = ZM — 25,Ms, + ZM = (5.12)
3
= 5 M —25,Ms, = (i + 1)M.
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5.1.1 Finding all possible j
Let
M= (” O) € My(C). (5.13)

P q
Then

_ _ 9 _
Ua]\/[oa—<q p)+<q p>+<n 0)—(Q+" ? ) (5.14)
on —0 n —-p q —-p  2n+gq

After rewriting equation (5.11), we obtain

((1—j(j+1))n—q (2-j(+1)o );@, (5.15)

C—-jG+Dp (A=jG+1))g—n

fo#0orp#0,2—4(j+1)=0,s0j€ {-2,1}, which means n 4+ ¢ = 0. If both
p=0=0,75(+1)=0,s0 7€ {—1,0}, but we cannot distinguish between these two
different j, so they are totally equivalent (we are interested only in the eigenvalue and
it is conventional to take the non-negative j). Similar equivalence is in the previous

case, so there are only two values of j with unique solutions.

5.1.2 Case j =0

From equation (5.11):

3
5 M = 2s,Ms, = 3M =o,Mo,. (5.16)

Equation (5.16) can be rewritten as

2 —
3 noo\ q+n 0 ’ (5.17)
b q —p  2n+gq

whose solutions are M = A1, A € C.
Due to the commutation with all matrices, we will not offend the reader by com-

puting [s3, A1], which is obviously 0.

5.1.3 Case j =1

It will be much easier to work directly with the fact that any 2 x 2 matrix can be

expressed as a linear combination of the unit matrix and the Pauli matrices
M=al+53-7, (5.18)
— T
where & = (01, 09,03) .
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From equation (5.11),
—M = o,Ma,, (5.19)

SO

—al — ﬁdo-d ; 3al — ﬁdO'd. (520)

Fortunately, the second terms on both the left- and right-hand sides are the same,

so M has to satisfy
a=0 — M=g3¢ (5.21)

Next, we have to check whether there are any conditions 5 must obey by inserting

the solution to equation (5.8).

J3 <g 5) =i (P19 — faoy) =mf - G (5.22)
Let m = 0. It is possible only if 81 = 85 = 0, so

M = 630'3. (523)

Let m =1.

18109 — 13201 - Bio1 + Paoa + B3os (5.24)

Comparing the coefficients of the Pauli matrices one can obtain a system of equations

B3=0 A if = [o, (5.25)

which leads to
M = 510'1 + iﬁlgg. (526)
Let m = —1. Compared to equation (5.24), every term of the right-hand side

acquires an extra — sign, so the system of equations will change to

Bz=0 A iy =—Po, (5.27)

and

M = 510'1 - iﬁlag. (528)

A valuable observation is that our four results are linearly independent; therefore,
they are a basis of My(C). Moreover, they form an orthogonal system. Orthonormality

can be achieved just by multiplying each basis matrix by the inverse of its norm.
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Table 5.1: Normalized basis matrices for My(C) as eigenvectors of J3 and J2.

Jj m Basis matrix

1
0 O 751]

1 1 %(O’l—FiUz) :E%

1 0 \/LiO'g

1 =1 i(oy—ioy) =FE}

5.2 Representations of so(3) by derivations of M;3(C)

Let
n o p
M=|q r s| € M;C) (5.29)
t v
and
(Aa)bc = Eabc (530)
or more precisely
0 0 0 0 0 -1 0
A=lo 0o 1|, A=]o00 o], As=|-100]| (531
0O -1 0 1 0 O 0 00
Then we define [, = —iA,, which leads to [l,, ;] = icapele. Next, we take a representa-
tion given by derivations of M;(C):

It can be shown that for a fixed a we obtain [/, = 1 — ES. If we consider the

summation,

ldo = (1 - E}) + (1 — E3) + (1 — E3) = 21. (5.33)
Analogously to before, equation (5.7) gives:
M(4—j(j+1))+24,MA, =0. (5.34)

We will not do any abstract theory about the multiplication by A, from both sides (even
though the parametrization is very simple), we will just write what will be obtained

by a direct multiplication.
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0 0 —v 0

AlMAl = 0 —v u y AQMAQ = 0 0
s —-r p 0 —n
A3MA3 = o —n
0

After the summation:
(4—jG+1)M+2M=0,

where
—v—=r q t
JgM = [lg,M] - —Z[Ag,M]

5.2.1 Case j =0

It is obvious that M = «1, because

n o p v+1r  —q —t
201qg r s| = -0 v+n -—u
t u v —p —s r+n

has no other solution, and a reader is free to check the commutation with [3.

5.2.2 Case j=1

M= —A,MA,,
SO
n o p v+r  —q —t
q r S - -0 v+n -—-u |,
t u v —p -Ss r+n

which leads to a system of equations

0= —q A t=-—p A U= —S.

All solutions can be parametrized using (5.30) A= (A}, Ay, A3)T and 5 € C3.

(JsM),p = iBa(0ardes)
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(5.36)

(5.37)

(5.38)

(5.39)

(5.40)

(5.41)

(5.42)

(5.43)



0= (74, -

(_i[A3, ﬁdAd])ef =

i (Ba(AdAz)er — Ba(AzAd)er) =

=184 ((Ad)ec(A3)cr — (Az)ec(Ad)er) =

= 184 (EdecE3cf — E3ecEdef) =

=104 [(03a0ef — 030ed) — (0q3des — dardes)] =
= 1B4(0qr0e3)-

It will be cleaner to work with entire matrices rather than their elements.

For m = 0: J3M;®.

0 0 —p
1] 0 0 —pB| =0
Bi B2 0O
B1 = By = 0, B3 is arbitrary, so M = A3fs.
For m = 1:
0 0 =5 0 B —p
ilo 0 =B|=[-8 0 B |
pr B2 0 B =B 0O
so B3 =0 and iy, = B, i.e., M = Aqif5y + A1 f1.
For m = —1:
0 0 —hH 0 B —p
ilo o —g|E=|-8 o 5|,
fi B2 0 B —H1 O

SO 53 =0 and ﬁl = iﬁg, i.e., M = Agﬁg -+ ’iAlﬁg.

5.2.3 Case j =2
0=0p A p=t A U=Ss A\ v+n+r=0,

which leads to five basis matrices:

0 0 001 010
Si=100 1],5=[00 0f,S=1]10 0],
010 1 00 0 00
1 0 0 00 O
Sy=10 0 0 ,55(01 0
00 -1 00 -1

(5.44)

(5.45)

(5.46)

(5.47)

(5.48)

(5.49)



Let S = (Sh,. .. ,S5)T and ¥ € C°. Now we can write M as

Y4 V3 Y2
M=1v 7 N : (5.50)
Y2 1T —V4a— s

From (5.8):

o+q r—n S

JsM = [lg, M] = IsM — Mly = —iAsM +iMAs = —i|r—n —o—q —p

U —t 0
Z mM, (5.51)
2vs B — 0m
3.
=ty 2
g8 —2 0
For m = 0, 4 = 75, the others are 0, so
M = diag(1,1, —2)~,. (5.52)
For m =1, iy5 = 7, and the others are 0, so
0 01
M=10 0 i]|". (5.53)
1 2 0

For m =2, v3 = 174, —4 = 75 and the others are 0, so

1 4 0
M=1i -1 0] (5.54)
0 0 0
For m = —1, iy; = 79, the others are 0, so
0 0 1
M=10 0 1|m. (5.55)
i 1 0

For m = —2, 173 = 74, —iy3 = 75 and the others are 0, so

i 10
M=11 —i 0]~ (5.56)
0 0 0

The coeflicients gamma next to the matrices are arbitrary and there is no connection
between them for different m. They are chosen just to easily see where these matrices

come from.
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As can be seen from (5.36) after a computation or directly from the sum of the
dimension of the found subspaces, there are no other j with unique solutions.

To sum up, the space with j = 0 consists of matrices with non-zero trace (except
the trivial case 0), j = 1 consists of antisymmetric traceless matrices, and j = 2 of

symmetric traceless matrices.

Table 5.2: Normalized basis matrices for M3(C) as eigenvectors of J3 and J2.

j m Basis matrix
0 O \%1]
11 (A1 + iA,)
1 0 \/%Ag

1 -1 1(A; —iAy)

2 2 (81— S5+1S;)

2 1 $(Sy+1iS)
2 0 75 (Sa + S5)
2 -1 +(iSs + S1)

2 —2 4(iSy — iS5+ S3)
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Conclusion

Our aim was to determine what the vector fields look like on a fuzzy manifold, observe
the action of a Lie group and calculate the corresponding generators. We have found
that to describe a fuzzy manifold it is better to work with an analogue of the algebra
of functions on it, i.e., matrices. This enables us to say that analogues of vector fields
in terms of the algebra are its derivations. This is in accordance with the fact that
all automorphisms are conjugations. Then we have observed the action of SO(3) by
conjugations and found that the algebra of "functions" decomposes into irreducible
representations, namely M(C) = 0@ 1 and M3(C) = 0@ 1@ 2 (numbers mean values
of j in the subspaces with the dimension 2j + 1). This shows that in comparison
with spherical harmonics, we need only finitely many basis vectors, which have been
found for n = 2 and n = 3. A straightforward computation shows that the bases are

orthonormal.

Table C.1: Analogies between commutative geometry and non-commutative geometry.

Commutative geometry Non-commutative geometry
Algebra of smooth functions F (M) Algebra of matrices M,,(C)

Point z € M No points in the usual sense

Vector field V' (derivation of F(M)) Derivation D(B) = [A, B|

Isometry ¢ : M — M (preserves met- | Automorphism Ig(M) = GMG™!
ric) (conjugation by unitary matrix)

Killing vectors (infinitesimal isome- | Commutator with a fixed matrix [A, -]

tries)

Angular momentum operators L; (dif- | Generators J; = [I;, -] or [s;, -] acting on

ferential operators on sphere) matrices

Spherical harmonics Y}, (0, ¢) — eigen- | Basis matrices |7, m) — eigenvectors of
functions of L?, Ls J?, Js
Decomposition F(S?) = @Z,(2 +1) | Decomposition M,(C) = @,(2j + 1)
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Appendix A: Algebra

Let K be a field. An algebra A over K is an algebraic structure that can be regarded
as a linear space with a vector multiplication as a bilinear operation A x A — A

satisfying, for all a,b,c € A,k € K,

a(b+ ¢) = ab+ ac, (b+c)a = ba + ca (A1)
and
(ka)b = k(ab) = a(kb). (A.2)
If additionally,
a(bc) = (ab)c = abe, (A.3)

it is called an associative algebra. [3], [11]
There is another way to define it. The algebra A over a field K is aring A = (A, +, )
in which multiplication by k € K satisfies property (A.2).
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Appendix B: Commutation relations
preserved by a representation

Let
[Cay Cb] = 2fabccvc (Bl)

be a commutator defining a Lie algebra. Structure constants are replaced by a set of

constants with only lower indices ¢;;, := cf] It is important that these numbers are
the same regardless of the position (upper or lower) of an index.

Now we define an operator 6’; :=[Cl, *]. Let us check how the commutation relation
changes.

Co. G| M = (= CiCa) M = [Cas [y, M]) = [Ci, [Ca, M) =
= [Co, (CM — MCy)] = [Ch, (CaM — MCy)] =
=C,C,M —C,MCy — C,oMC, + MC,Cy—
- C,C M+ CyMC, +C,MCy, — MC,Cy, =
= [Ca, Co)M — M[Cy, Cy) = [[Co, Gy}, M] = [tapcCe, M] =
= Loy CoM

(B.2)

This shows that when we represent the algebra by commutators acting on M, (C)

as derivations, the commutation relation is preserved.
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