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(Amalie) Emmy Noether [1, 2]

1882: born in Erlangen (Germany).
1900: teacher of French and English
1900: study at University of Erlangen
(2 women out of 986 students)
1907: dissertation in Erlangen
1915: invited to Göttingen
1918: our beloved theorem
1919: habilitation in Göttingen
1933: expulsion from Göttingen
1935: died in Bryn Mawr, Pennsylvania
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Noether theorem praised in a popular book [3]

Chapter 8: The Lady and the Tiger.

"The conservation laws of physics say that you
get out what you put in, and no more. Nature
says that there is no free lunch."
...
"Before Noether came along physicists resorted
to trial and error, juggling the given equations
until they found a combination that did not
change in time."
...
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Her paper (1)

The journal Table of Contents
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Her paper (2)

The paper (�rst page)

The theorem
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Publication in Transport Theory and Statistical Physics
(1971)
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Transport Theory and Statistical Physics
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Publication in arXiv (2005)
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P.�evera - 1-st Letter to Weinstein (1998)
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P.�evera - missing details: action integral

Data: dim Σ = p = deg α, α on M
Action integral

S [f ] =

∫
f (Σ)

α ≡
∫

Σ
f ∗α (1)

as a functional of a mapping

f : Σ→ (M, α) (2)

We want to �nd its extremals.
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P.�evera - missing details: variation of f

Variation of f : via (in�nitesimal) �ow:

f 7→ fε ≡ Φε ◦ f (3)

where

Φt : M → M Φt ↔W (4)

is a �ow corresponding to (any,
�xed,�variational�) vector �eld W . So

Σ
f→ M

Φε→ M
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P.�evera - missing details: variation of S (1)

Variation of S : then

S [fε] ≡ S [Φε ◦ f ] =
∫

Φε(f (Σ)) α

=
∫
f (Σ) Φ∗εα

=
∫
f (Σ)(1̂ + εLW + . . . )α

= S [f ] + ε
∫
f (Σ) LWα + . . .

or (up to �rst order)

δS ≡ S [fε]− S [f ] = ε
∫
f (Σ) LWα

= ε
∫
f (Σ)(iW d + diW )α

= ε
∫

Σ f ∗iW dα + ε
∫
∂f (Σ) iWα
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P.�evera - missing details: variation of S (2)

So, the general variation formula naturally contains two terms:

δS = ε

∫
Σ
f ∗iW dα + ε

∫
∂f (Σ)

iWα (5)
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P.�evera - missing details: equations of motion (1)

In the variation formula

δS = ε

∫
Σ
f ∗iW dα + ε

∫
∂f (Σ)

iWα

consider no variations at the boundary:

W = 0 at ∂f (Σ)

and W arbitrary variations (i.e. W ) inside f (Σ). Then we get

δS = 0 ⇔ f ∗iW dα = 0 (6)
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P.�evera - missing details: equations of motion (2)

So the equation of motion (EOM) reads

f ∗iW dα = 0 (7)

by the principle of extremal action.
Here, W is arbitrary on f (Σ) (but s.t. W |∂f (Σ) = 0).
(The unknown in the equation is the mapping f .)
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P.�evera - missing details: equations of motion (3)

Let (u1, . . . , up) be a basis at TsΣ.
On extremal f (Σ) we have

0 = (f ∗iW dα)(u1, . . . , up)
= (iW dα)(f∗u1, . . . , f∗up)

But (f∗u1, . . . , f∗up) is a basis at
Tf (s)f (Σ). Therefore

f extremal ⇔ iW dα = 0 on f (Σ)
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P.�evera - missing details: equations of motion (4)

Recall: f is extremal means �f is solution of EOM�.
So we have an alternative form of EOM:

f is �solution of EOM� ⇔ iW dα = 0 on f (Σ) (8)

(This particular form of EOM turns out to be suitable for Noether
theorem.)
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P.�evera - missing details: equations of motion (5)

So, we have two di�erently (and both strange :-) looking
expressions of

f ′′is a solution of equations of motion� :

1. f ∗iW dα = 0 (9)

2. iW dα = 0 on f (Σ) (10)

(Both of them for arbitrary vector �eld W .)
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Where is physics?

Ok, it is perhaps nice mathematics connected with the action

S [f ] =

∫
Σ
f ∗α

But is it also some interesting physics encoded in it?

We do not seem to meet this particular action integral
(neither the strange looking equations of motion)
while doing theoretical physics.
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How various concrete actions look like

Physicists know (and mostly like) actions of the form

S [q] =
∫ t2
t1
L(q, q̇, t)dt Lagrangean mechanics

S [q, p] =
∫ t2
t1

(paq̇a − H(q, p, t))dt Hamiltonian mechanics
S [φ] =

∫
d4xL(x , φ(x), ∂µφ(x)) scalar �eld

S [y ] =
∫
dnx∂iya∂jybhab(y(x))g ij(x) non-lin. sigma model

etc.
etc.
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Various concrete forms α and mappings f

It turns out that our general action indeed becomes
one of the above mentioned for

α = L(q, v , t)dt + ∂L
∂va (dqa − vadt) Lagrangean mechanics

α = padqa − H(q, p, t)dt Hamiltonian mechanics
α = Ld4x + ∂L

∂ya

i

(dya − yaj dx
j) ∧ dSi 1-st order �eld theory

if

f : t 7→ (t, qa(t), q̇a(t)) Lagrangean mechanics
f : t 7→ (t, qa(t), pa(t)) Hamiltonian mechanics
f : x i 7→ (x i , ya(x), ∂iya(x)) 1-st order �eld theory
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Where (t, qa, v a) or (x i , y a, y a

i
) serve as coordinates?

Natural geometric setting for
Lagrangean theory provide jet bundles.
Fields in physics are described as
sections σ of a �ber bundle. In local
coordinates, if x i are on M and (x i , ya)
on Y , then

π : (x i , ya) 7→ x i

σ : x i 7→ (x i , ya(x))
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First jet prolongation J1Y of a �bre bundle

Coordinates ya on Y correspond to
values of �elds ya(x).
But we also need derivatives of �elds,
∂iya(x).
So we construct a manifold, which �has
enough room� to encompass all that
data. It is J1Y .
(If we needed second derivatives,
∂i∂jya(x), we proceed to J2Y etc.)
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First jet prolongation σ1 of a section σ

Consider

π : Y → M (x i , ya) 7→ x i

π1 : J1Y → M (x i , ya, yai ) 7→ x i

A section σ may be prolonged to σ1

σ : x i 7→ (x i , ya = ya(x))
σ1 : x i 7→ (x i , ya = ya(x), yai = ∂iya(x))
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How it works in (1-st order) Lagrangean �eld theory

1. Take a function L(xµ, ya, yaµ) on J1Y (Lagrangian density)
2. Construct a 4-form on J1Y (Lepage equivalent) as follows

α = Ld4x +
∂L
∂yaµ

(dya − yaνdx
ν) ∧ dSµ

3. Take a section σ of π : Y → M (a �eld) and its prolongation σ1

4. Let Σ be a domain in the Minkowski space R4.
4. Then σ1(Σ) is a surface in J1Y
5. Construct the functional (the action)

S [σ] =

∫
σ1(Σ)

α = · · · =

∫
Σ
L(xµ, ya(x), ∂µy

a(x))d4x
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Long history of the jet approach to (k-th order) variational
calculus

There is a long list of researchers who helped, step by step, to
established today's jet bundles understanding of the subject
(see, e.g., Krupková [1] and Kosmann-Schwarzbach [1]).
Just some of them:
E.T.Whittaker (1917), E.Cartan (1922), Th.De Donder (1930),
Th.Lepage (1936), P.Dedecker (1957), A.Trautman (1967),
J.Sniaticky (1970), D.Krupka (1973), I.M.Gelfand and L.A.Dikii
(1975), S.Sternberg (1978), L. Mangiarotti and M. Modugno
(1982), M.Marvan (1983), C.M.Marle (1983), I.Kolá° (1984),
J.Musilová (1984), D.E.Betounes (1984), O.Krupková (1986),
P.J.Olver (1993)
and many others.
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What is a symmetry of the action

Natural de�nition: v is a(n in�nitesimal) symmetry i� its �ow
Φε ↔ v preserves the action on any argument f :

symmetry : S [Φε ◦ f ] = S [f ] for any f (11)

Because of the formula derived previously

S [Φε ◦ f ] = S [f ] + ε

∫
f (Σ)
Lvα

this also means
symmetry : Lvα = 0 (12)
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Derivation of the Noether theorem

Let v be a symmetry od S [f ]. Then Lvα = 0

⇒ ivdα + divα = 0
⇒ (ivdα)|f (Σ) + (divα)|f (Σ) = 0
⇒ d(ivα)|f (Σ) = 0

So we have (after just 3 short lines :-)

the Noether theorem : on extremal surface f (Σ), ivα is closed
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Closed form - who ordered that? (Rabi might ask.)

In business parlance,
Noether theorem says:

Give me a symmetry and I give You a closed form.

Is it a good deal for us to give her a symmetry?
Who needs closed forms?
What she promised (see folklore), is a conserved quantity.
Give me my conserved quantity! (Or my symmetry back.)
I am probably a victim of a fraud!
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Where are conserved quantities? (1)

Example: Hamiltonian mechanics.

Here α is a 1-form, ivα is a 0-form, i.e. a function.
Here, extremal surface = a curve (t, qa(t), pa(t)),
which is solution of Hamilton equation.
And closed 0-form is constant function.
So Noether theorem says, here, that

on solutions, ivα is a constant function

Or: Give me a symmetry and I give You a function, which is
constant on any solution.
Fair trade. Standard conservation law.
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Where are conserved quantities? (2)

Ex.: Field theory in Minkowski space.
Here, ivα is a closed 3-form. So d(ivα) = 0 on extremal f (Σ).
Then also d(f ∗ivα) = 0 for extremal f . Therefore∫

D4

d(f ∗ivα) = 0

where D4 is any 4-dim domain in Minkowski space and f is
extremal (solution of �eld equations).
So, Noether theorem (e�ectively) says, here, that

on solutions f ,
∫
∂D4

f ∗ivα = 0
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Where are conserved quantities? (3)

Now choose D4 = D3 × 〈t1, t2〉:
Then the boudary ∂D4 has 3 pieces:
1. the whole 3-space D3 at t1
2. the whole 3-space D3 at t2
3. ∂D3 �at in�nity� at all t ∈ 〈t1, t2〉
Since �elds at spatial in�nity vanish,∫

t=t1,D3

f ∗ivα−
∫
t=t2,D3

f ∗ivα = 0

So, a conservation law :-)
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Symmetry up to (total) divergence

De�nition:
Lvα = dθ (rather than Lvα = 0)

for some θ. Why also interesting?

⇒ ivdα + divα = dθ
⇒ (ivdα)|f (Σ) + (d(ivα− θ))|f (Σ) = 0
⇒ d(ivα− θ)|f (Σ) = 0

So we have (again after just 3 short lines :-)

the Noether theorem : on extremal surface f (Σ), ivα− θ is closed

The same pro�t as from a �standard� symmetry.
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Symmetry up to (total) divergence (2)

This possibility (generalization of the original Noether theorem)
was observed (and published in Matematische Annalen)
by Erich Bessel-Hagen in 1921.
(In connection with conformal invariance of Maxwell equations.)
He writes that he will formulate his theorems slightly more generally
than they were formulated in Noether's article, but that he
�owe[s] these to an oral communication
by Miss Emmy Noether herself.�
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Sources

Still (slightly) another approach (1)

Green, Schwarz, Witten: Superstring Theory
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Still (slightly) another approach (2)

M.Stone, P.Goldbart: Mathematics for Physics
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Still (slightly) another approach (3)

M.Stone, P.Goldbart: Mathematics for Physics
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Sources

Still (slightly) another approach (4)

M.Fecko: Di�erential Geometry and Lie Groups for Physicists
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Sources

Still (slightly) another approach (5)

M.Fecko: Di�erential Geometry and Lie Groups for Physicists
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Sources

Sources, further reading (1)

E. Noether
Invariante Variationsprobleme.
Göttinger Nachrichten (1918), pp. 235�257

J J O'Connor and E F Robertson
MacTutor History of Mathematics.

A. Zee.
Fearful Symmetry.
The Search for Beauty in Modern Physics
Princeton University Press (1999), original 1986
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Sources

Sources, further reading (2)

I. Kosmann-Schwarzbach.
The Noether Theorems.
Invariance and Conservation Laws in the Twentieth Century
Springer, 205 pages (2011)

I. Kosmann-Schwarzbach.
The Noether Theorems: From Noether to �evera.
14th International Summer School in Global Analysis and
Mathematical Physics
Olomouc, Czech Republic, August 10-14, 2009

P. �evera
Letters to Alan Weinstein about Courant algebroids.
arXiv:1707.00265v2 [math.DG] (written in 1998-2000)
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THE END

Than You for Your attention!
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