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On a circle S! of radius R we introduce local coordinates x, 2’ as shown
on the figure (this is called the stereographic projection). On higher-dimensional
spheres S2,...,8™ a natural generalization of this idea results in coordinates r,r’.
Verify that

i) on the intersection of the patches, where the primed and unprimed coordinates
are in operation, we get for S' and S™ respectively the following explicit transition
relations
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i1) in this way an analytic atlas comprised of two charts has been constructed on
S™; the sphere S™ is thus an n-dimensional analytic manifold
iii) if the complex coordinates z and 2’ are introduced on S?

r (r,y) & z=0+1y v o (2 y) o =2+ iy
then the transition relations look
2 = (2R)*/z Z=x—1y

Hint: on S™ a projection is to be performed onto n-dimensional mutually par-
allel planes, touching the North and South Poles respectively (in these planes
r = (z!,...,2") represent common Cartesian coordinates centered at the poles).
Then ' = Ar and one easily finds A from the observation that in the (two-
dimensional) plane given by the poles and the point P the situation reduces to
St

(More information to this exercise, in particular a detailed treatment of the n-
dimensional case, You can find in Additional material file on my web-page.)

*e-mail: fecko@fmph.uniba.sk



The real projective space RP™ is the set of all lines in R"*! passing through
the origin. The complex projective space CP" is introduced similarly - one should
replace R — C in the preceding definition. (Here, a complex line consists of all
complex multiples of a fixed (non-vanishing) complex vector (point of C"*1) 2, so
that it is a two-dimensional object from a real point of view.)

i) Introduce the structure of an n-dimensional smooth manifold (= local coordi-
nates) on RP"

i1) the same for CP"™ (it is 2n-dimensional)

ii1) show that the states of an n-level system in quantum mechanics are in one-to-
one correspondence with the points of CP?~!

iv) show that CP! = S? (in the sense of (1.4.7)) = (pure) states of spin 1/2 cor-
respond to unit vectors n in R3.

Hint: 4) one line (a point from RP™) consists of those points of R™*! which
may be obtained from a fixed (z%,2!,...,2") using the freedom (2%, !,...,2") ~
(Az?, ..., Az™); in the part of R"*! where 20 # 0 the freedom enables one to make 1
from the first entry of the array (visually this means that the point of intersection
of the line with the plane 20 = 1 has been used as a representative of the line);
the other n numbers are to be used as local coordinates on RP™ (they are the
coordinates in the plane 2 = 1 mentioned above; see the figure for n = 1, try to
draw the case n = 2): (20, 2!, ...,2") ~ (A20, ..., \z") ~ (1,¢&L, ..., €M) for 20 # 0,
= (&4, ..., €M) are coordinates (there); in this way obtain step-by-step (n+1) charts,
! with the last one coming from (2%, 2!,...,2") ~ (A2?,..., \2") ~ (5!, ...,n", 1) for
x™ # 0; 1) in full analogy, &, ..., n are now complex n-tuples, giving rise to 2n real
coordinates; ii7) two non-vanishing vectors in a Hilbert space, one of them being a
complex constant multiple of the other, correspond to a single state; iv) spin 1/2
is a 2-level system

(More information to this exercise, in particular a detailed treatment of the identi-
fication of S? with CP!, You can find in Additional material file on my web-page.)

Let

f:R? x R? - R? f(z,w) = zw

be the map induced by the multiplication of complex numbers. Check whether it
is a C*°-map.

Let M = R?\(0,0) and consider the map defined in terms of complex
coordinates as follows

f:M—M flz)=27"

Is this a C*°-map?

'In this context the coordinates (x°, 2!, ...,2™) in R"™! are said to be the homogeneous

coordinates (of the points in RP™). Note that they are not local coordinates on RP™ in
the sense of the definition of a manifold, since they are not in one-to-one correspondence
with the points (they are official coordinates only in R™*1).



Show that the prescription

A det A= f(A)

defines a smooth function on the manifold of all real n X n matrices (~ R™).
Hint: The determinant is a polynomial in the matrix elements.

Find integral curves of the field V = 9, + 28, on R[z] x S*[p] (the surface
of a cylinder). Draw the results.

Find integral curves of the field V = yd, + 29, on R?. Draw the results and
compare the picture with that for the field W = —y0, + x0,. What happens if we
study, say, W = —4y0, + 20y or V =499, + x0y?

Hint (for the "4" version): rescale the axes

Find a vector field V on R®*[¢},...,¢", p1,...,pn], which corresponds to the

Hamilton equations

- oH . OH
B Opa Pa = dq°

[V = (0H/0pa)0/0q* — (0H/0q")0/0pq|

-

q

a=1,...n

Express the results of exercises (2.3.3) and ("new") in the form of a flow
Oy 1 2t 2 (t) = Dy(2h).

[(r, ) = (r,o+1t) or (z,y) — (zcost—ysint, zsint+ycost); (x,¢) — (z+t, 0+
2t)]

Prove that the space (L*)" is canonically isomorphic to the space L.
Hint: the canonical isomorphism f: L — (L*)" is (f(v), @) := (a,v).

Check that

i1) some special instances are given by
(L) =R TY(L) = L* To(L)~ L
Tl(L) ~ Hom (L, L) ~ Hom (L*, L*) TI(L) = By(L)

where Hom (L1, Ly) denotes all linear maps from Lj into Lo, By(L) are bilinear
forms on L and ~ denotes canonical isomorphism.

Hint: (9), () and (3) definitions, (§) (2.4.3); (}): the isomorphisms Hom (L, L) —
T(L) and Hom (L*, L*) — T (L) read

t(v;a) := (o, A(v)) and t(v;a) := (B(«a),v)

or, equivalently (in the opposite direction)



Induce a metric tensor on a torus 7 from its embedding (1.5.7) into E3
x=(a+bsiny)cosp y=(a+bsiny)sing z=bcosy

[9 = (a+ bsint)’de @ dp + b*dy @ dy)]

Induce a metric tensor on a torus 7?2 from its embedding (1.5.8) into E*
(flat torus)
' =cosa 22=sina z3=cosp 2*=sing

[¢ =da®da+df®df]
Induce a metric tensor on a sphere S? from its embedding into E®

x = Rsindcosy y=Rsind¥sinp z= Rcosd

[g = R%(dY ® dV + sin*¥dyp @ dip)]
Induce a metric tensor on a sphere S® from its embedding into E*

x=Rsindcosp y=Rsindsing z= Rcostcosy w = Rcosdsiny

Show that the coordinates (9, ¢, %) (they are called biharmonic coordinates) are

orthogonal.
[g = R?*(d¥ ® dv + sin®9dp @ dp + cos?Idy @ dip)]

Operations, producing tensors from tensors, are said to be tensor operations.
So far we have met linear combination and tensor product. One further important
tensor operation is provided by contraction. It is defined (for p,q > 1) as follows:

C:TP(L) = TP} (L) ts Cti=t(... €y . ;. €% ...)

where the exact position of arguments e, and e® is to be specified - it forms a part
of the definition (there are several (pq) various possible contractions, in general,
and one has to state which one is to be performed).

Check that
i) the result is indeed a tensor (multilinearity)
i1) C does not depend on the choice of the basis e, (when e, has been fixed,
however, e is to be the dual)
iii) in components the rule for C looks like 2

’Each contraction thus unloads a tensor by two indices. It breathes with fewer diffi-
culties immediately (fewer indices = fewer worries), it feels like after a rejuvenation cure.
This human aspect of the matter is reflected sensitively in German terminology, where the
word Verjingung (rejuvenescence) is used.



i.e. as a summation with respect to a pair of upper and lower indices
iv) independence of a choice of basis results from the component formula, too
Hint: i7) (2.4.2); iv) (2.4.6)

Let 7, 2, ¢ be cylindrical coordinates in E? and consider a rotational surface
S given by both expressions 7(z) and z(r). Induce a metric tensor (in coordinates
2, and r, ¢ respectively) on S. Specify for the surface of a cylinder and a cone as
well as for both kinds of rotational hyperboloids and rotational paraboloid.

l9= (14 ('(2))})dz @ dz + r2(2)de @ dp = (1 + (2(r))})dr @ dr + r2de ® dy]

Let D1, Dy be two derivations of the tensor algebra. Check that

i) their linear combination as well as the commutator
D := D+ \Ds resp. D :=[D;y,Dy] = D1Dy — D3D;

happen to be derivations of the tensor algebra, too
i1) if D1, Dy commute with contractions, then this is true for linear combination
and the commutator, too.

Prove that
i)

Lyxw = Ly + Aw Livw) = [Lv,Lw| = LvLw — LwLy
i1) the mapping

L:X(M)— Der T(M) Vi Ly

is a homomorphism of Lie algebras
Hint: i) according to (4.3.7) we are to prove the equality of two derivations of the
tensor algebra which commute with contractions, or equivalently (after reshuffling
of all terms to one side of equation), that a certain derivation of this type vanishes.

By (4.3.2) it is enough to verify this on functions and vector fields, which is easy
(4.3.6); 47) just this is asserted in 7).

Find Killing vectors and the corresponding flows for the ordinary Euclidean
plane.

Hint: denote &'(x,y) = A(z,y),£%(x,y) = B(z,y). Then the Killing equations
read

A,=0=DB, = A(y), B(x)

A,=-B, = A'(y) = —B'(x) = const.

so that the general solution is
§ = A0, + B0y = kie1 + kaea + k3es ,
e1, ez and es being three linearly independent solutions

e1 = 0y e = Oy e3 = —y0, + x0y



(they are linearly independent over R; this is a basis of the Lie algebra of Killing
fields, not to be confused with a basis (in the sense of a frame field) of vector fields
in R%[z, y]!). Their flows are translations along the x and y directions and rotations
around the origin (0,0) respectively.

Let ' = x — 20,3 = y — yo be the coordinates in R? with respect to the
origin, which is translated into (zg, yo).

i) Check that a general Killing vector, expressed in the initial coordinates (z,y) as
well as the new coordinates (2,y'), reads

f = k‘lax + k‘Qay + k‘g(—yaz + xay)

= (k1 — k3yo)Op + (k2 + k3z0)0y + k3(—y 0 + 2'0yy)

i1) give an interpretation of this computation

Hint: ) unless the isometry (which may be obtained by the deformation of the
identity) is a pure translation (i.e. if k3 # 0), it may be regarded as a pure
rotation around the appropriate point (xo,yo) (this point is obtained by equating
the coefficients of the generators of translations 0,7, 0y to zero, or using (4.1.6)).

Guess (and then test your intuition by plugging the guess into Killing equa-
tions) a Killing vector for a general rotational surface discussed in (3.2.6).
Hint: the surface is symmetric with respect to rotations around the z-axis; (4.1.7)

Find all Killing vectors for the (pseudo)-Euclidean space, i.e. for EP4 =
(R™,n), where n is the Minkowskian metric with the signature (p,q),p + ¢ = n.
Show that there are three types of flows - translations, rotations and hyperbolic
rotations (for p = 1,q = 3 they are known as Poincaré transformations, for ¢ = 0
Euclidean transformations, see also (10.1.15) and (12.4.8)).

Hint: in Cartesian coordinates the Killing equations read

§ij+&,:=0 & = ni;&
Differentiation with respect to z* gives
&ijk + &ik =0
In full analogy we get
&ikj + Ekij =0 ik + &kji =0
Then

Sijk = —&jik = Ekij = —Eikj = §ijk =0

¢ = A;@j + a' A,a = const.



and plugging into the initial equations leads to the restriction for the matrix A
A+ @A) =0 = A€so(p,q)
(see (11.7.6)), i.e.

¢ = (Aja! +a')o; = ¢4 (A,a) € so(p,q) x R"

A a
(Asa) _
R )

is an isomorphism of the Killing algebra with the semidirect sum so(p, q) x RPT4
(see (12.4.9)).
We can verify as well that the field £(4%) may be written in the form

One can check that

1 y .
€ = L (An) M+ P,
((An)¥ = —(An)’* being a consequence of (nA) + (nA)T = 0) where the vector
fields .
Mij = —Mji = xiaj — :cjé?i P, =0 T = nijxj

constitute a basis of the Killing algebra. Flows: solve the equations for the flow
of M;; and P; respectively. The fields P; correspond to translations, M;; yield
rotations and hyperbolic rotations in the plane (i), depending on the sign of the
product 7;1;; (not to be summed; +1 rotations, —1 hyperbolic rotations (boosts)).

In the mechanics of elastic (continuous) media one introduces the strain
tensor in the following way: when the points in the continuum are (infinitesimally)
displaced according to r + r+u(r) (a vector field ® u(r) is called the displacement
(field)), the corresponding deformation is encoded in a second rank tensor (field)
with components (in Cartesian coordinates)

€ij 1= %(&uj + 0ju;)
Check that the coordinate-free expression of this tensor reads
€= %[,ug
where g is the (standard) metric tensor in £3 and that it follows from the definition
of the Lie derivative as well as from the context that a deformation of the medium

(a shift of points, which alters distances between them) is measured by the Lie
derivative of a metric tensor, indeed (¢ = 0 < a deformation did not take place <

3A shift r — r + u(r) is interpreted as an infinitesimal flow generated by a vector field

u(r).



it is an isometry).
Hint: (4.6.5)

Let M = R3[x,y, 2], « = xdy—ydz, B = 2?dxAdz—dyAdz,V = (2y)?0,+0,.
Compute
anp iy iv3 iv(a A B)

Hint: the calculation before (5.2.10), (5.4.2); [—(x2% + y)dx A dy A dz, z, —dx +
(wy)2dy + (vyz)?, (222 + y)dz A dz — (222 + y)(zy)?dy A dz]

Let A be a Z-graded and graded commutative algebra and let Dy and D
be its derivations of degree k and [ respectively; so there holds

A= %3 Ai aa; = (—1)ijajai a; € Ai,aj S Aj

I=—00
Dy : Ai — Aii Dy(a;ib) = (Drai)b + (=1)*a;(Dgb) a; € Aj,be A
Show that their graded commutator
[Dy, Dy] := Di,D; — (—1)" DD,

(being actually a commutator, unless both derivations are of odd degree, when it
becomes the anticommutator) # is a derivation of the algebra A (of degree k -+ 1),
too.

Hint: brute force (apply [Dg, D;] on the product a;b and make use of the definitions)

Show that the Lie derivative of differential forms may be expressed in the
following (very useful) form 5

Ly =1y d+diy Cartan’s identity

Hint: according to (6.1.7) this is an equality of two derivations (of degree 0) of the
algebra (M) = it suffices to verify it in degrees 0 and 1, where it is easy (e.g. in
components)

Prove the validity of the (fairly useful) identity
[[,\/, Zw] = ,CV W — tw ,CV = i[V,W]

Hint: just like in (6.2.8)

4Although it is written as an ordinary commutator, in graded algebra this means au-
tomatically the graded commutator (since the latter is much more important than the
former).

5The operators which enter this formula may be given a visual meaning in integral
calculus of forms and this identity itself may be interpreted in terms of Stokes’ theorem,
see (7.8.2).



6.2.10 | Prove that the exterior derivative commutes with the Lie derivative (along
an arbitrary vector field)

[d,Ly]=d Ly — Ly d=0
Hint: just like in (6.2.8), or use the result of (6.2.8)

14.1.6| Let Vy € Ham (M), so that it is a Hamiltonian field generated by the
function f. Check that
i) the following definitions turn out to be equivalent

iv,w = —df & Vi =P(df, . ) = tpdf

i1) there holds
V(f+const.) = Vf
i11) Hamiltonian fields may also be regarded as the analogues of the Killing vectors
from Riemannian geometry, since they preserve w in just the same way as Killing
vectors preserve g
[lvfw =0

iv) the collection of all Hamiltonian fields is closed with respect to linear combina-
tions (over R) as well as the commutator; namely

Vi+AVy = Vi Vi Vol = Virgy

so that they constitute an (co-dimensional) Lie algebra Ham (M) C X(M)
Hint: 4i7) (6.2.8); iv) making use of (6.2.9) and the preceding items here we get

i[Vf,Vg}w = ﬁvfivgw — ivgﬁvfw = d(ivf’ivgw) = ...(14.1.8)... = =d{f, g}

Show that from (dw)(Vy, Vy, Vi) = 0 follows dw = 0, i.e. that from dw = 0
on (all) Hamiltonian fields we can deduce that dw = 0 on all fields.
Hint: Try Vy etc. for coordinate functions

14.1.9 | Consider the algebra of observables of the classical mechanics A(M). Check
that
i) the two “products" A(M) x A(M) — A(M) involved are interconnected by the
identity
{f.gh} ={f.gth+g{f, h}

i) the prescription
¢: A(M) — Ham (M) f=V

is a homomorphism of Lie algebras, its kernel being constituted by the constant
functions on M.



Hint: i) {f, . } = V§( . ) = it is a vector field, i.e. a derivation of the (associative)
algebra F(M); ii) (14.1.6)

Let ®; be the flow generated by a vector field V. Starting from the definition

d
Ly = 7 . o
prove that
i)
%cp; — Ly
i1) for C“ tensor fields there holds
2

t
(I’Z‘:ewvzl—l—tﬁv—i—aﬁvﬁv-l—...

Hint: §) $®F = 4| _ ®F, (4.1.2); ii) (£)" @) = F (Ly)"

Let A(M) be the algebra of observables of classical mechanics. Since its
elements (observables) are the functions on the phase space M, there is a natural
action of the group of diffeomorphisms on the algebra (f — ®*f). Check that

i) the structure of the algebra is preserved just by the symplectomorphisms of
(M, w), i.e. by such diffeomorphisms of M to itself, which preserve the symplectic
form w (or equivalently the Poisson tensor P)

P*w =w

i) the flows of such transformations are generated by the symplectic (in particular
by the Hamiltonian) fields
i71) the action of the flow of a Hamiltonian field on the algebra A(M)

Ul : A(M) — A(M) Ul = (@) o o v, feAM)

can also be expressed in the form of the series

Uy =g+ HFad + AR ab) + U ARl + .

iv) the Jacobi identity for the Poisson bracket is just the infinitesimal version of
the condition that the Poisson bracket (of two arbitrary functions) is preserved by
the flow of an arbitrary Hamiltonian field, i.e. of the condition

Uf {g.h} = {U] g, U{ 1} f.g.h € A(M)

v) the map
Ul A(M) — AM)

10



is for each t an automorphism of the algebra of observables A(M) (it preserves
its linear structure as well as both products) and the prescription ¢ — Utf is the
one-parameter group of such automorphisms

Hint: i) ®*{f, g} = ®*(P(df,dg)) = (P*P)(d®* f,dD*g) < P(dd* f,dP*g) so that
P = P and consequently ®*w = w; ii) in the standard way ®jw tw =
Lww = 0; iii) by definition %‘OUtf = Lv;, (44.2) and Ly,g = Vig = {f,9};
iv) the differentiation of Utf{g, h} = {Utfg, Utfh} with respect to ¢t in ¢t = 0 gives
Ly, {g,h} ={Lv,g,h}+{g, Ly, h}; v) preserving of the pointwise product and lin-
ear combinations trivial (this holds for each ®*), preserving of the Poisson bracket
solves item iv)

Let (M,w) be a symplectic manifold, dim M = 2n. Check that

i) the n-fold product of the form w (as well as its arbitrary non-zero multiple)
defines on M the volume form

iii) in canonical coordinates (¢%,p,) the form Q reads

n(n+1) n(n+1)

Q=(-1)"2 nldg'* A---ANdg" Ndpy A--- ANdp, = (=1)" 2 nldgdp

Therefore one usually adopts its appropriate constant multiple, the Liouwville form

n(n+1) 1 -~

Q, =0 := (—I)T—‘Q = dgdp
n!

as the volume form on a symplectic manifold and as the phase volume of the do-

main D C M we mean the expression [ (i.e. the volume of the domain D in the
D
sense of the Liouville volume form).

iv) the Liouwville’s theoremholds: the phase volume of an arbitrary (2n-dimensional)
domain D is preserved under the time development ®; of the phase points (more
generally under the flow of an arbitrary Hamiltonian field (f) ©

P, & (g = /Q:/Q
) D

®4(D

v) any symplectic manifold is orientable
Hint: i) the fact that w A --- Aw is everywhere non-zero is clear from its coordinate
presentation; i) (5.6.8); iv) (14.3.4); v) (6.3.5)

The most natural definition of the integral of a O-form (function) f over a
0-simplex (point) is given by 7
[ r=te)
P

61f we regard the flow ®; as the flow of a fluid, then the result says that the fluid is
incompressible.

"The intuitive meaning of the integral, as is well known, is the sum of the values of
the function in infinitesimal domains (resulting from the division of the total domain of

11



Check that the Newton-Leibniz formula

b
/ f'(2)dz = f(b) - f(a)

may then be regarded as a particular case ® of Stokes’ theorem.
Hint: M =R!, ¢ = [a, ]

Let D be the domain in the zy plane which is bounded by the straight lines
x = a,r = b,y = 0 and by the curve y = f(x) from above. In full analogy let V'
be the domain in the space xyz which lies above the domain S in the plane zy
and which is bounded from above by the surface z = f(z,y). Then we know that
area of the domain D may be computed in two (completely different) ways, namely

either as )
/ f(z)dz or as / dxdy
a D

Similarly, the volume of the domain V' may be computed in two (completely differ-
ent) ways, namely as fs f(x,y)dxdy, but also as fV dxdydz. Show that both cases
may be regarded as a manifestation of Stokes’ theorem.

Hint: dz A dy = d(—ydz), dx A dy A dz = d(zdz A dy)

Let a, 8 be two forms on an n-dimensional manifold M, with their degrees
being such that dega + deg8 +1 = n and let D be an n-dimensional domain.
Check that

i) the following identity holds

/Dda/\ﬁ——/Dﬁa/\dB—i-/aDa/\B

i1) the formula representing the “by parts" method of integration

b b
/ f(@)g(a)de = - / f(@)d (@) + [fg]’

is but a simple special case of this identity
Hint: i) (6.2.5), (7.6.7); i) M =R, D = [a,bl,a = f,5=4¢g

Given two functions f(z,%),g(z,y) € F(R?) and a (two-dimensional) do-
main D, let C = 0D be its (oriented) boundary (closed curve, the contour). Show
that there holds

74 Jda + gdy = / (D09 — 0, f)dx A dy
C D

integration) multiplied by the volumes of these domains. If the total domain reduces
to a single point P, there is nothing to be divided and it suffices to take the value of the
function right at this point. Note that in doing this the volume of the point P is effectively
regarded to be 1 ([, 1 =1(P) = 1).

8although in a sense a tautological one - the definition of the integral of a O-form has
been extended in such a way as to make the theorem hold

12



Hint: set o = fdx + gdy in (7.6.7)

Let E(L) be the set of all bases of a vector space L and let f € E(L). Then
any basis e may be uniquely expressed as

ea = frA° ie. e=fA A e GL(n,R)

(GL(n,R) being the set of all non-singular n x n real matrices, see (10.1.3) and
beyond). Show that
i) each basis falls either into E(L)4 or to E(L)_, i.e.

B(L)=E(L), U E(L)_ B(L). N BE(L)_ =10

E(L)y ={e€ E(L);det A = 0}
i) E(L); and E(L)_ are “equally large", i.e. there exists a bijection of E(L)4
onto E(L)—
i7i) dividing of E(L) into E(L)4 and E(L)_ does not depend on the choice of
f € E(L), i.e. if e and é share the same half with respect to f, they share the same

half with respect to any other reference basis f € E(L).
Hint: i) (e1,e2,...,6n) <> (—€1,€2,...,6p); 1ii) det(AB) = det Adet B

Let (e*) be an arbitrary basis in L*. Check that (for n pieces multiplied)
i)
N Neb =erP el A nen

i1) the most general n-form w may be expressed as
w=Xel A A€ AeR
iii) if eq ++ 4 = ep AL, then
W= A A=A A AEN

where

A= (det A) A
A quantity which transforms in this way under a change of basis is called a scalar
density (of weight -1; see the text after (6.3.7) and problem (21.7.10))
Hint: i7) (5.2.9), (5.6.1), A = wy._p; 4i7) (2.4.2), (5.6.5).

Let (L, g,0) be an n-dimensional vector space endowed with a metric tensor
g and an orientation o, e = (e,) and é = (é,) two right-handed orthonormal bases
respectively, f = (f,) an arbitrary basis and w(f) := f1 A--- A f* (5.7.2). Prove
that

i)

w(e) = w(eé)

13



i.e. wy = w(e) does not depend on the choice of right-handed orthonormal basis
i1) its expression in terms of the arbitrary basis f reads

wy = w(e) = o(f)V/]g] w(f)

where o(f) is +1 or —1 depending on whether f is right-handed or left-handed and
lg| = [det g(fa, fo)]

i)
Wy(f1s e fn) = o(f)\/m so that Wa b= o(f)\/@ €ab
iv)

ga...b

W = o(f) sgn g—
Vgl

where sgn ¢ is the sign of the determinant of the matrix gu = g(fa, fp) (for a

metric tensor with signature (r,s) (see the text before (2.4.12)) this is (—1)%)

v) a change of orientation in L results in the change

Wy > —Wy ie. Wg,—0 = —Wg,o

if (—o) is the orientation which is opposite with respect to o.
Hint: i) let f, be the arbitrary basis, f, = e;BY (i.e. f =eB). Then

9(far o) = gab = BineaBit = (B™nB) gy = det g = (det B)* det 7

= det B =4++/|det g|

The sign is given (since e is right-handed) by the orientation of the basis f, so that
det B =o(f) v/|det g|. According to (5.7.2) then

w(e) =w(fB™") = det B w(f) = o(f)V/| det g| w(f)
iv) wht =g, .. g"%0. 4=...(5.6.5); v) the only change is o(f) — — o(f)

Check that

i) the second series (homogeneous half) of the Maxwell equations may be written
in the form

dFF =0 where F :=dt NE.dr — B.dS

is a 2-form of the electromagnetic field
i1) an explicit expression of its (Cartesian) components in terms of (Cartesian)
components of vectors of electric and magnetic field reads

Foi = E;
0 E, E, E,
—F 0 —-B B
F;; = —€;:1.B i.e. F,, = * # Y
g ik =k p -E, B, 0 -B,
~E, -B, B, 0
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i4i) a transition to the dual form may be expressed in terms of the fields E, B as
F — «F & (E,B) —» (-B,E)

Hint: (16.1.4)

Check that

i) the first series (inhomogeneous half) of the Maxwell equations may be written
in the form

0F =—j or equivalently d«F=—-J=—xj

where the three-dimensional quantities p (electric charge density) and j (electric
current density) are built into a single object living in Minkowski space, the 1-form
of current or alternatively its dual 3-form of current

J = pdt —j.dr = j,dx*
J =dt N (=j.dS) + pdV = jHdE, = *j
Hint: (16.1.5), (16.1.6)
16.2.3 | Check that the total electric charge in a spatial domain Dy is given by the

integral
Q= /JE /*j
Ds

Dy
Hint: according to (16.2.2) we have J = dt A (—j.dS) + pdV and the first term does
not contribute to the integral over D3 due to the factor dt
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