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204 Commun.Math.Phys. 43 (1975) 199-220

2. Gravitational Collapse

It is now generally believed that, according to classical theory, a gravitational
collapse will produce a black hole which will settle down rapidly to a stationary
axisymmetric equilibrium state characterized by its mass, angular momentum
and electric charge [7, 13]. The Kerr-Newman solution represent one such family
of black hole equilibrium states and it seems unlikely that there are any others.
It has therefore become a common practice to ignore the collapse phase and to
represent a black hole simply by one of these solutions. Because these solutions
are stationary there will not be any mixing of positive and negative frequencies
and so one would not expect to obtain any particle creation. However there is
a classical phenomenon called superradiance [14—17] in which waves incident
in certain modes on a rotating or charged black hole are scattered with increased
amplitude [see Section (3)]. On a particle description this amplification must cor-
respond to an increase in the number of particles and therefore to stimulated
emission of particles. One would therefore expect on general grounds that there
would also be a steady rate of spontaneous emission in these superradiant modes
which would tend to carry away the angular momentum or charge of the black
hole [16]. To understand how the particle creation can arise from mixing of
positive and negative frequencies, it is essential to consider not only the quasi-
stationary final state of the black hole but also the time-dependent formation
phase. One would hope that, in the spirit of the “no hair” theorems, the rate of
emission would not depend on details of the collapse process except through the
mass, angular momentum and charge of the resulting black hole. I shall show
that this is indeed the case but that, in addition to the emission in the super-
radiant modes, there is a steady rate of emission in all modes at the rate one
would expect if the black hole were an ordinary body with temperature r/2n.

I shall consider first of all the simplest case of a non-rotating uncharged black
hole. The final stationary state for such a black hole is represented by the
Schwarzschild solution with metric

=1
ds?= — (1 - 2TM) de* + (1 - g—?) dr? + r*(d0*+ sin?0d¢?) . (2.1)
As is now well known, the apparent singularities at r=_2M are fictitious, arising
merely from a bad choice of coordinates. The global structure of the analytically
extended Schwarzschild solution can be described in a simple manner by a
Penrose diagram of the r-t plane (Fig. 1) [6, 13]. In this diagram null geodesics
in the r-t plane are at +45° to the vertical. Each point of the diagram represents
a 2-sphere of area 4nr®. A conformal transformation has been applied to bring
infinity to a finite distance: infinity is represented by the two diagonal lines (really
null surfaces) labelled #* and ., and the points 17, I™, and 1°. The two hori-
zontal lines r=0 are curvature singularitics and the two diagonal lines r=2M
(really null surfaces) are the future and past event horizons which divide the
solution up into regions from which one cannot escape to . and .# . On the
left of the diagram there 1s another infinity and asymptotically flat region,
Most of the Penrose diagram is not in fact relevant to a black hole formed
by gravitational collapse since the metric is that of the Schwarzchild solution
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Fig. 1. The Penrose diagram for the analytically extended Schwarzschild solution

r =0 singularity *

r=0 singularity s

r=0 singularity i+ surface of
3 s o _-“collapsed body

region not applicable to "
a gravitational collapse
Fig. 2. Only the region of the Schwarzschild solution outside the collapsing body is relevant for a
black hole formed by gravitational collapse. Inside the body the sotution is completely different

singularity __.event horizon

r=0 !
arigin of .
coordinates

t
v

Fig. 3. The Penvose diagram of & spherically symmetric collapsing body producing a black hole. The
vertical dotted line on the left represents the non-singular centre of the body

\ccilczpsing body

only in the region outside the collapsing matter and only in the asymptotic future.
In the case of exactly spherical collapse, which I shall consider for simplicity, the
metric is exactly the Schwarzchild metric everywhere outside the surface of the
collapsing object which is represented by a timelike geodesic in the Penrose
diagram (Fig. 2). Inside the object the metric is completely different, the past
event horizon, the past r=0 singularity and the other asymptotically flat region
do not exist and are replaced by a time-like curve representing the origin of polar
coordinates. The appropriate Penrose diagram is shown in Fig. 3 where the con-
formal freedom has been used to make the origin of polar coordinates into a
vertical line.

In this space-time consider (again for simplicity) a massless Hermitian scalar
field operator ¢ obeying the wave equation

¢;abgab=0 ' (22)
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(The results obtained would be the same if one used the conformally invariant
wave equation:

¢;abgab + %R(ﬁ =0 )
The operator ¢ can be expressed as

¢=>,{fia+ fial}. (2.3)

The solutions { f;} of the wave equation f, ,,g* =0 can be chosen so that on past
null infinity .#~ they form a complete family satisfying the orthonormality con-
ditions (1.2) where the surface S is .#7 and so that they contain only positive
frequencies with respect to the canonical affine parameter on .# ~. (This last con-
dition of positive frequency can be uniquely defined despite the existence of
“supertranslations” in the Bondi-Metzner-Sachs asymptotic symmetry group
[21, 22].) The operators a; and a] have the natural interpretation as the annihi-
lation and creation operators for ingoing particles i.e. for particles at past null
infinity .# . Because massless fields are completely determined by their data on
#~, the operator ¢ can be expressed in the form (2.3) everywhere. In the region
outside the event horizon one can also determine massless fields by their data on
the event horizon and on future null infinity # 7. Thus one can also express ¢
in the form

ﬂé:Zi{Ps:bs“*‘gsb;+chz+5503} . (2.4)

Here the {p;} are solutions of the wave equation which are purely outgoing, i.e.
they have zero Cauchy data on the event horizon and the {g,} are solutions which
contain no outgoing component, i.e. they have zero Cauchy data on #*. The
ip;} and {g;} are required to be complete families satisfying the orthonormality
conditions {1.2) where the surface S is taken to be .#' and the event horizon
respectively. In addition the {p;} are required to contain only positive frequencies
with respect to the canonical affine parameter along the null geodesic generators
of .#". With the positive frequency condition on {p,}, the operators {b,} and {b]}
can be interpreted as the annihilation and creation operators for outgoing par-
ticles, i.e. for particles on # 7. It is not clear whether one should impose some
positive frequency condition on the {g;} and if so with respect to what{The choice
of the {g;} does not affect the calculation of the emission of particles to .# *.\I shall
return to the question in Section (4).

Because massless fields are completely determined by their data on #~ one
can express {p;} and {g,} as linear combinations of the {f} and {f}:

pi= Y {0 fi+ By f) (2.5)

;= Zj{yijfj”i_ 7:‘;‘11?1) . (2.6)
These relations lead to corresponding relations between the operators

bi:Zj(&ijaj_gijaDo (2.7)

ci:Zj(?ijajwﬁijaj)' (2.8)
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The initial vacuum state |03, the state containing no incoming particles, i.e.
no particles on 47, is defined by

a;)0>=0 foralli. (2.9

Particle Creation by Black Holes

However, because the coefficients f;; will not be zero in general, the initial vacuum
state will not appear to be a vacuum state to an observer at .# *. Instead he will
find that the expectation value of the number operator for the i th outgoing mode is

CO_[BIbi0_>= I B*- (2.10)

Thus in order to determine the number of particles created by the gravitational
field and emitted to infinity one simply has to calculate the coefficients ;. One
would expect this calculation to be very messy and to depend on the detailed
nature of the gravitational collapse. However, as I shall show, one can derive an
asymptotic form for the f;; which depends only on the surface gravity of the
resulting black hole.{There will be a certain finite amount of particle creation
which depends on the details of the collapse. These particles will disperse and at
» late retarded times on .#~ there will be a steady flux of particles determined by
the asymptotic form of f;;.

In order to calculate this asymptotic form it is more convenient to decompose
the ingoing and outgoing solutions of the wave equation into their Fourier com-
ponents with respect to advanced or retarded time and use the continuum nor-
malization. The finite normalization solutions can then be recovered by adding
Fourier components to form wave packets. Because the space-time is spherically
symmetric, one can also decompose the incoming and outgoing solutions into
spherical harmonics. Thus, in the region outside the collapsing body, one can
write the incoming and outgoing solutions as

Jorm=Qm) "3~ o) FE{r)e" Y,,(6, ¢). (2.11)
Potm=(27) 31" 2073 P (1)e' 1,0, $), (2.12)
where v and u are the usual advanced and retarded coordinates defined by

v

y — E .

v=t+r+2Mlog T i;, (2.13)
.

7 — 1. 2.

u=t—r 2M10g2 ll (2.14)

Each solution p,,,, can be expressed as an integral with respect to @’ over solu-
tions f,,;, and £, with the same values of | and |m| (from now on I shall drop
the suffices I, m):

Po™= jlgj (aww’fw' T ﬁww’fw’)dw, . (2 1 5)

To calculate the coefficients «,, and f,,, consider a solution p, propagating
backwards from #* with zero Cauchy data on the event horizon. A part p'V of
the solution p,, will be scattered by the static Schwarzchild field outside the col-
lapsing body and will end up on .~ with the same frequency . This will give

a 8(w' —w) term in «,,.. The remainder p!? of p,, will enter the collapsing body
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event horizon

/ surfaces of
> _-~"constant phase

!
|
|
|
1

Fig. 4. The solution p,, of the wave equation has an infinite number of cycles near the event horizon
and near the surface v=1v,

where it will be partly scattered and partly reflected through the centre, eventually
emerging to .# . It is this part p!”’ which produces the interesting effects./Because
the retarded time coordinate u# goes to infinity on the event horizon, the surfaces
of constant phase of the solution p,, will pile up near the event horizon (Fig. 4).
’| To an observer on the collapsing body the wave would seem to have a very large
blue-shift. Because its effective frequency was very high, the wave would propa-
gate by geometric optics through the centre of the body and out on .#/ On
4~ p'? would have an infinite number of cycles just before the advanced time
v=1, Where v, is the latest time that a null geodesic could leave .# ~, pass through
the centre of the body and escape to #* before being trapped by the event
horizon. One can estimate the form of p!? on .#~ near v=y, in the following
way. Let x be a point on the event horizon outside the matter and let I be a null
vector tangent to the horizon. Let n* be the future-directed null vector at x which
is directed radially inwards and normalized so that I*n,= — 1. The vector — &n®
(¢ small and positive) will connect the point x on the event horizon with a nearby
null surface of constant retarded time v and therefore with a surface of constant
phase of the solution p!?. If the vectors ¥ and »® are parallelly transported along
the null geodesic y through x which generates the horizon, the vector —en® will
always connect the event horizon with the same surface of constant phase of p{?.
To see what the relation between ¢ and the phase of p!? is, imagine in Fig. 2 that
the collapsing body did not exist but one analytically continued the empty space
Schwarzchild solution back to cover the whole Penrose diagram. One could then
transport the pair (I, n%) back along to the point where future and past event
horizons intersected. The vector — en would then lie along the past event horizon.
Let A be the affine parameter along the past event horizon which is such that at

a

di
ameter A 1s related to the retarded time # on the past horizon by

A= —Ce™™ (2.16)

the point of intersection of the two horizons, 1=0 and —-—=n" The affine par-

where C is constant and|x is the surface gravity of the black hole defined by
y| K%, K®= —kK® on the horizon where K* is the time translation Killing vector.
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(For a Schwarzchild black hole &= ﬁiﬁ) It follows from this that the vector

—en” connects the future event horizon with the surface of constant phase

Particle Creation by Black Holes

o % (loge — log C) of the solution p'. This result will also hold in the real space-

time (including the collapsing body) in the region outside the body. Near the
event horizon the solution p{Z’ will obey the geometric optics approximation as
it passes through the body because its effective frequency will be very high. This
means that if one extends the null geodesic y back past the end-point of the event
horizon and out onto .#~ at v=1v, and parallelly transports »* along 7, the vector
—gn* will still connect y to a surface of constant phase of the solution p{*. On
# ~n” will be parallel to the Killing vector K which is tangent to the null geodesic
generators of £ 7 :

n=PDK*.

Thus on £~ for v,—v small and positive, the phase of the solution will be

- %(bg(vo—- v)—logD— logC) . .17
Thus on .#~ pt? will be zero for v>v, and for v <,
PP ~(2n) f0 fr P exp zw log QoY (2.18)
@ CD

where P, =P (2M) is the value of the radial function for P, on the past event
horizon in the analytically continued Schwarzchild solution. The expression
(2.18) for pZ is valid only for v,—v small and positive. At earlier advanced times
the amplitude will be different and the frequency measured with respect to v, will
approach the original frequency .

By Fourier transforming ) one can evaluate its contributions to «,,, and
Do For large values of o' these will be determined by the asymptotic form
(2.18). Thus for large o'

o), (2m) " P (CD):H expli(w— w)vo)(wi)% (1_%(wz‘m’)”“%, (2.19)

B~ —ia_ . (2.20)

The solution p{?’ is zero on .# ~ for Iarge values of v. This means that its Fourier
transform is analytic in the upper half o' plane and that p!? will be correctly
represented by a Fourier integral in which the contour has been displaced into the
e

upper half o plane. The Fourier transform of p%’ contains a factor (— i)
which has a logarithmic singularity at o' =0. To obtain 2. from &2, by (2.20)
one has to analytically continue «!” . anticlockwise round this singularity. This
means that

ey J—eXP( )lﬁ‘z’ (221)
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Actually, the fact that p!? is not given by (2.18) at early advanced times means
that the singularity in «,,, occurs at w'=w and not at «'=0. However the rela-
t1on (2.21) 1s still valid for large @'

The expectation value of the total number of created particles at #* in the
frequency range w to w+dw is dw [§|B,, |*dw'. Because || goes like (@)~ *
.| at large «’ this integral diverges. This infinite total number of created particles
corresponds to a {inite steady rate of emission continuing for an infinite time as
can be seen by building up a complete orthonormal family of wave packets from
the Fourier components p,. Let

pjnzsw% J(’éi%“l)ae*Zrcina”impwdw (222)

where j and n are integers, j=0, ¢>0. For & small these wave packets will have
frequency je and will be peaked around retarded time u=2nne ! with width ¢!
One can expand {p;,} in terms of the {f,}

Pin= 18 @jner foor + B fuoryd (2.23)
where
Ujpy =8 T [T 1 2mime Mg Ldew et (2.24)

For j>e¢ n>e
l“jnmf1=(2n)“1P;w‘%F(1 ey

YDt expio"(—2mne ™ k7! loga)’)dw”‘

(2.25)

—lp— 1 o\ ., .
=" 'P 2F(1H“~)E He') %z tsindez
K

where w=j¢ and z=x"" logw'— 2ane "' For wave-packets which reach .#* at
late retarded times, i.c. those with large values of », the main contribution to
%o and B, come from very high frequencies @' of the order of exp(2rnie™?).
This means that these coefficients are governed only by the asymptotic forms
(2.19, 2.20) for high " which are independent of the details of the collapse,

The expectation value of the number of particles created and emitted to
infinity .# in the wave-packet mode p;, is

j’%@ Iﬁjnm'lgdw; 5 (226)

One can evaluate this as follows. Consider the wave-packet p;, propagating
backwards from .#*. A fraction 11T, of the wave-packet will be scattered by
the static Schwarzchild field and a fractmn I';, will enter the collapsing body.

= & (212~ B2, 1 Dde’ (2.27)

where cx}iﬁa and B2}, are calculated using (2.19, 2.20) from the part pi2 of the
wave-packet which enters the star. The minus sign in front of the second term on
the right of (2.27) occurs because the negative frequency components of pi2) make
a negative contribution to the flux into the collapsing body. By (2.21)

Jodar] = exp (oo ™ HIGA (2.28)



Particle Creation by Black Holes 2 0 211

Thus the total number of particles created in the mode p;, is
I exp(2rok™ ) —1)71. (2.29)

But for wave-packets at late retarded times, the fraction I';, which enters the
collapsing body is almost the same as the fraction of the wave-packet that would
have crossed the past event horizon had the collapsing body not been there but
the exterior Schwarzchild solution had been analytically continued. Thus this
factor I';, is also the same as the fraction of a similar wave-packet coming from
#~ which would have crossed the future event horizon and have been absorbed
by the black hole. The relation between emission and absorption cross-section 1s
therefore exactly that for a body with a temperature, in geometric units, of x/2r.

Similar results hold for the electromagnetic and linearised gravitational fields.
The fields produced on .# ~ by positive frequency waves from .#* have the same
asymptotic form as (2.18) but with an extra blue shift factor in the amplitude.
This extra factor cancels out in the definition of the scalar product so that the
asymptotic forms of the coefficients o and f are the same as in the Egs. (2.19) and
(2.20). Thus one would expect the black hole also to radiate photons and gravitons
thermally. For massless fermions such as neutrinos one again gets similar results
except that the negative frequency components given by the coefficients f now
make a positive contribution to the probability flux into the collapsing body.
This means that the term |5|* in (2.27) now has the opposite sign. From this it
follows that the number of particles emitted in any outgoing wave packet mode
is (exp(2rewx™ 1)+ 1)"! times the fraction of that wave packet that would have
been absorbed by the black hole had it been incident from .#~. This 1s again
exactly what one would expect for thermal emission of particles obeying Fermi-
Dirac statistics.

Fields of non-zero rest mass do not reach .#~ and .# 7. One therefore has to
describe ingoing and outgoing states for these fields in terms of some concept such
as the projective infinity of Eardley and Sachs [23] and Schmidt [24]. However,
if the initial and final states are asymptotically Schwarzchild or Kerr solutions,
one can describe the ingoing and outgoing states in a simple manner by separa-
tion of variables and one can define positive frequencies with respect to the time
translation Killing vectors of these initial and final asymptotic space-times. In the
asymptotic future there will be no bound states: any particle will either fall through
the event horizon or escape to infinity. Thus the unbound outgoing states and the
event horizon states together form a complete basis for solutions of the wave
equation in the region outside the event horizon. In the asymptotic past there
could be bound states if the body that collapses had had a bounded radius for
an infinite time. However one could equally well assume that the body had col-
lapsed from an infinite radius in which case there would be no bound states. The
possible existence of bound states in the past does not affect the rate of particle
emission in the asymptotic future which will again be that of a body with tem-
perature k/2n. The only difference from the zero rest mass case is that the fre-
quency w in the thermal factor (exp(2rwx™')F 1)! now includes the rest mass
energy of the particle. Thus there will not be much emission of particles of rest
mass m unless the temperature x/2x is greater than m.
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