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Outline

e What do we mean by phase structure and why is it important?

Lightning fast recapitulation of fuzzy field theories.

Matrix model description of fuzzy field theories.

Implications for their phase structure.
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Real scalar ¢* field on plane
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Real scalar ¢* field on plane

@ The commutative field theory has two phases in the phase diagram,
disorder and uniform order phases.
Glimm, Jaffe ’74; Glimm, Jaffe, Spencer ’75; Chang ’76
Loinaz, Willey ’98; Schaich, Loinaz ’09

e In disorder phase the field oscillates around the value ¢ = 0.

o In uniform order phase the field oscillates around the a nonzero value
which minimim of the potential.
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Real scalar ¢* field on plane
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Real scalar ¢* field noncommutative theories

@ The phase diagram of noncommutative field theories has one more phase
in the phase diagram. It is a non-uniform order phase, or a striped phase.
Gubser, Sondhi ’01; G.-H. Chen and Y.-S. Wu ’02

o In this phase, the field does not oscillate around one given value in the
whole space. Translational symmetry is broken.

@ This has been established in numerous numerical works for variety
different spaces.
Martin ’04; Garcia Flores, Martin, O’Connor ’06, ’09; Panero 06, ’07; Ydri ’14; W.
Bietenholz, F. Hotheinz, H. Mejfa-Diaz, M. Panero ’14; H. Mejia-Diaz, W. Bietenholz,
M. Panero ’14; J. Medina, W. Bietenholz, D. O’Connor ’07
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Real noncommutative scalar ¢* field on plane

Mejia-Diaz, Bietenholz, Panero ’14
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UV/IR mixing

o This phase is a result of the nonlocality of the theory. Mermin-Wagner
Theorem : no spontaneous symmetry breaking in local 2-dimensional
theories.

@ This phase survives the commutative limit of the noncommutative theory!
Result of the UV/IR mixing.

o The trademark property of the noncommutative field theories, which
arises as a consequence of the non-locality of the theory. Causes interplay
of long and short distance phenomena. Minwalla, Van Raamsdonk, Seiberg *00;
Chu, Madore, Steinacker 01

o The commutative limit of such noncommutative theory is (very) different
than the commutative theory we started with.
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UV/IR mixing

e For a noncommutative theory with no UV/IR mixing, the extra phase
should not be present in the commutative limit of the phase diagram.
e B.P. Dolan, D. O’Connor and P. Presnajder [arXiv:0109084],
o H. Grosse and R. Wulkenhaar [arXiv:0401128],
o R. Gurau, J. Magnen, V. Rivasseau and A. Tanasa [arXiv:0802.0791].

o Understanding the phase diagram of such theories, especially mechanism
of the departure the striped phase could teach us a lot technically and
conceptually.

o We need tools to analyze the phase diagrams of the noncommutative
theories. A good idea is to start with the simplest case.
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Phase diagram for ¢! on S%
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Numerical phase diagram for S%

For the fuzzy sphere, the following is numerically obtained phase diagram
Garcia Flores, Martin, O’Connor ’09
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Numerical phase diagram for S%

For the fuzzy sphere, the following is numerically obtained phase diagram
Ydri ’14
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Numerical phase diagram for S%

(Published) Numerical results agree on the critical value of the coupling

ge ~ (0.12,0.17)
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The scalar field theory on a fuzzy space is a multitrace
matrix model.
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Che scalar beld theory on a fuzzy space ool trace
matrix model.
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FU_ZZY Sphere Madore ’92; Grosse, Klimcik, Presnajder ’90s

o The fuzzy sphere S% is a space, which has the algebra of functions
generated by
TiT; = p2 . Xk — xjx; = 10T

e This can be realized as a N = 2j + 1 dimensional representation of the
SU(2)

2r 2r 9 4r2
Ti=——xL; , 0=—F—, Pzﬁj(

i+ 1) =72
NT 1 NT 1 ity

e The coordinates x; still carry an action of SU(2) and thus the space still
has the symmetry of the sphere.

o Limit of large N reproduces the original sphere S2.

e z; are N x N matrices and functions on S% are combinations of products
— a herminitian matrix M
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Fuzzy sphere

o Finite mode approximation to the regular round sphere S2.

Introduces minimal length (minimal area).

Still posses the original symmetry.

Functions become N x N-matrices, where

1
0~ —.
N
Derivatives — commutators with L;.

Integrals — traces.
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The scalar field theory on a fuzzy space
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Scalar field on S%

@ We can write an Euclidean field theory action

S(M) = f@szf(

1
2R?

[Li, M][Ls, M] + rM2+V( )):
H(;M[Lm[LnM]]Jr27"M2+V(M))

e The theory is given by functional correlation functions

[ dM F(M)e=5(3)
[ dM e=5()

(F) =

Balachandran, Kiirk¢iioglu, Vaidya ’05; Szabo ’03
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The scalar field theory on a fuzzy space is a
matrix model.
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Hermitian matrix model

o Fuzzy field theory = matrix model with
1 1
S(M) = S Tx (M[Li, [Li, M]]) + 5rTr (M?) + gTr (M)

o What kind of matrix model is this? We diagonalize M = UAU for some
U € SU(N) and A = diag(Ay,...,An), the integration measure becomes

N
dM = dU (H d/\i> x [T = 2))?

i=1 i<j

and we are to compute integrals like

N
®~ [ (Hw)mm =N TN TN T s
=1

- /dUG_NZ%Tr(”“m[L7,,[L,,.cmlﬁ]])

(minus the red Brezin, Itzykson, Parisi, Zuber *78)
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Hermitian matrix model

e Fuzzy field theory = matrix model with

S(M) = %Tr (M|L;, [Ls, M])) + %rTr (M?) + gTr (M*)

e What kind of matrix model is this? We diagonalize M = UAU' for some
U € SU(N) and A = diag(Ay,...,AN), the integration measure becomes

dM = dU (ﬁ dAi> < [T = 2)?

i=1 i<j

and we are to compute integrals like

N
(F) ~ / (H dm) F() eV [Sers G0t ik Sattok TN - T log =
=1

o~ NZSesi(M) :/dUe_N2%Tr(UAUT[Li,[Li,UAU“r]])

Steinacker ’05
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The scalar field theory on a fuzzy space is a multitrace
matrix model.
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Multitraces in the effective action

e Perturbative calculation of the integral show that the S.;; contains
products of traces of M. O’Connor, Simann ’07; Simann ’10

e—NQSeff(Ai) _ /dUe—st%Tr(UAUT[Li,[L,;,UAUT]])

@ The most recent result is Simann ’15

171 1 1
Seps(M) D) {52 (62 - C%) - 62ﬂ (Cz - C%)2 +&* (02 - c%)4] —

1
4% { (04 —4czer + GCQC% — 3611) -2 ((32 — C%)z} _
- EBL [03 —3cica + 203} ’
432 !

where L
Cp — NTI“ (Mn)
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Some basics of single trace matrix models J
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Single trace matrix models

e Coulomb gas description.

o Eigenvalue repulsion.
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Single trace matrix models
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Single trace matrix models
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Some basics of asymmetric single trace matrix
models
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Asymmetric single trace matrix models

o Nothing new in principle, just equations not solvable analytically.
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Asymmetric single trace matrix models
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Some basics of multitrace matrix models |
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Some basics of multitrace matrix models

o Further interaction among the eigenvalues.
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Some basics of multitrace matrix models
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Perturbative model
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Perturbative effective action

@ The model

1(1 o1 1
Seps (M) D) {52 (c2—c) _52ﬂ (c2 _C%)2+E42880 (c2 —cf)‘l] _

1 912
— 64% [ (04 —4c3e1 + 6026% — 36411) -2 (02 — c%) } —
gl
e 132 C3 C1C2 Ccq
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Perturbative effective action

@ The model

1(1 o1 1
Seps (M) D) {52 (c2—c) _fzﬂ (c2 _C%)2+642880 (c2 —c%)‘l] _

1 912
— 64% [ (04 —4c3e1 + Gcch — 36411) -2 (02 — c%) } —
s 1 [ 3cico +2 3}2
e 132 C3 C1C2 Ccq

is not good. (Or at least its symmetric regime)

e Self interaction which is introduced is way too strong in the important
region.
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Non-perturbative considerations I J
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Effective action

e For the free theory g = 0 the kinetic term just rescales the eigenvalues.
Steinacker ’05

o There is a unique parameter independent effective action that
reconstructs this rescaling. Polychronakos 13

1 1
Seff = iF(Cg)—‘rR: 210g<1

c
) iR
— 67()2
@ Recall the perturbative action

1] 1 5 1 1
Sers(M) D) {52 (02 - C%) —¢? By (62 - C%)z +54@ (02 - c?)4] _

_ 54ﬁ { (ca — deger + 6cact — 30411) —2(co — c%)Qr_
1 312
—& 32 {03 —3c1e0 + QCJ
these are exactly the first terms of the small ¢y expansion with

Co _>CQ_C%.
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Effective action

e For the free theory g = 0 the kinetic term just rescales the eigenvalues.
Steinacker ’05

o There is a unique parameter independent effective action that
reconstructs this rescaling. Polychronakos 13

1 1 c
Seff = §F(C2) +R: 510g <1_2_02) +R

o Introducing the asymmetry ca — c2 — ¢7 and interaction we obtain a
matrix model

S(M) = §F(ea =)+ 3Te (M) 4 gTe (M) . F “)Zbg(l—tet)

Polychronakos ’13; JT 14, JT 15
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Phase diagram

The phase diagram
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Phase diagram
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Phase diagram
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Phase diagram
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Non-perturbative considerations II J
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Beyond the second moment

e To progress, we need somehow include further terms from the
perturbative effective action

L1 ) 1 L1
Seff(M) :5 |:€2 (62 - C%) - gzﬂ (CQ - C%)Z +E4M (CQ — C%)4j| —

1 2
_ 54% [ (04 — 4esey + 6eact — 36‘11) -2 (62 — c%)ﬂ _
— €3L [03 —3cico + 203} :
432 !

in a way that is well behaved close to the triple point.

@ There is a class of models which does this consistently with the new
numerical data. JT ’16

n(cs — 2@1 R

1
S.0s(M) =5 Flen) + [1+ M2
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Beyond the second moment

Symmetric regime for n =1
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Beyond the second moment

Symmetric regime for n = 2
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Renormalizable (UV /IR-free) theory J
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Renormalizable (UV /IR-free) theory

o It has been suggested that models with kinetic term
1 1
5M02M+(IMCQCQM s §MCQM+agMCQCQM

with changing parameter a could represent a UV /IR-free theory on Sz.
O’Connor, Sdmann ’07.

e This modifies the effective action F' in the presented approach.

@ Some preliminary results look promising, extra term moves the triple
point away from the origin.
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Renormalizable (UV /IR-free) theory
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Renormalizable (UV /IR-free) theory
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Renormalizable (UV /IR-free) theory
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Renormalizable (UV /IR-free) theory
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Conclusion and outlook

Matrix models are a powerful tool to analyze the phase structure of fuzzy field
theories, which is an appealing window into their properties.

As we have seen, interesting questions left to be answered include
e Finding a way how to evaluate the angular integral.

o Investigating the phase structure of the UV /IR-free theories analytically,
mainly beyond S%.

o Investigating the phase structure of the UV /IR-free theories numerically.

Juraj Tekel Phases of fuzzy field theories



Thank you for your attention!
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