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TAKE HOME MESSAGE

@ Fuzzy spaces are toy models of spaces with quantum structure.
@ There is an interesting way to describe functions and operators on fuzzy spaces.

@ The description works in position space and uses the coherent states also as a basis for the
functions and operators.
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TAKE HOME MESSAGE

@ Fuzzy spaces are toy models of spaces with quantum structure.
@ There is an interesting way to describe functions and operators on fuzzy spaces.

@ The description works in position space and uses the coherent states also as a basis for the
functions and operators.

@ Fuzzy scalar field theories are very different from their standard counterparts.
@ This description allows us to see and understand this difference in position space.
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QUANTUM STRUCTURE OF SPACETIME

@ We need a quantum theory of gravity.
e Quantization of general relativity leads to a nonrenormalizable theory.

@ We have reasons to believe that future theory of quantum gravity will have a different notion of
spacetime.
No distinction between points under certain length scales. [Hossenfelder 1203.6191]
@ Reasons:
e gravitational Heisenberg microscope,

o instability of quantum gravitational vacuum, [Doplicher, Fredenhagen, Roberts '95]
e emergent spacetime.
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Fuzzy SPACES

Image from https://commons.wikimedia.org/
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Fuzzy SPACES

Image from https://commons.wikimedia.org/
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Fuzzy SPACES

Fuzzy sphere [Hoppe 1982; Madore 1992; Grosse, Klimcik, Presnajder 1990s]

o The regular sphere S? is given by the coordinates
xixj = R? | xixj —xjx; =0, i=1,2,3,
which generate the following algebra of functions

3
ki
f= § Ay kz ks H Xj
i=1

keN3

XiXj = R2

which is by definition commutative.
@ Information about the sphere is hidden in this algebra.
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Fuzzy SPACES

o For the fuzzy sphere S? we define

KXi=r, R¥—X%o= 0k, i=1,2,3.
@ Such X;'s generate a different, non-commutative, algebra and 5,%, is an object, which has this
algebra as an algebra of functions.

@ The conditions can be realized as an N = 2s + 1 dimensional representation of SU(2)
2r 2r 2 ) 4r?

L. — . [ = — :2
X = L, 0= 1N P N2_15(5+1) re.

The group SU(2) still acts on X;'s and this space enjoys a full rotational symmetry.

@ In the limit N — oo we recover the original sphere.
€3
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Fuzzy SPACES

@ Most importantly nonzero commutators
N 2 A A NN . ~ .
Riki=p° , XK= XK =0z, i=1,2,3.
imply uncertainty relations for positions

AxiAx; #0 .

o Configuration space is analogous to phase space of quantum mechanics.
@ In a similar fashion it is possible to construct an analogous deformation of the plane

A A

Rk — Kk =i0ej;, i =1,2.
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Fuzzy SPACES

e X;'s are N x N matrices, functions on S2 are combinations of all their possible products and thus

hermitian matrices M.

@ Such N x N matrix can be decomposed into

=2
=

m=

M = Z C/mT/m .

/ m=—|

Il
o

where matrices Ty, are fuzzy analogues of spherical harmonics Y,

Tr (T/',rn 7—I’m’) :5/I’§mm’ 5
[Li, [Lis Tim]] = 1(1 + 1) T

@ The space of matrices M is N? dimensional.
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Fuzzy SPACES

o If we truncate the possible values of / in the expansion of functions in terms of spherical harmonics

00 L
=3 Z &mYim(0,8) = Z cimYim(0,6) ,
1=0 m=—/ 1=0 m=—/

we will not be able to see any features of functions under certain length scales.
@ Points on the sphere (as J-functions) cease to exist.

o Expressions defined in this way are not closed under multiplication.
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Fuzzy SPACES

@ We have divided the sphere into N cells. Function on the fuzzy sphere is given by a matrix M and
the eigenvalues of M represent the values of the function on these cells.

8=L

An auxiliary Hilbert space has been used in the construction.

@ There are no sharp boundaries between the pieces and everything is blurred, or fuzzy.
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STRING MODES — COHERENT STATES

o Natural basis in the auxiliary hilbert space H is the "spin” basis

derived from the highest weight state |s).

o For any x € 52 with radius 1, choose some g, € SO(3) such that x = g, - p, where p is the north
pole on S2. We define [Perelomov 1986]

|X> = 8x - |5>v 8x € SU(2)

and call the set of all |x) the coherent states.

@ |x) is located around x, but is an element of #, and is a non-commutative analogue
. &)
of the point x. [Steinacker 2020]
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STRING MODES — COHERENT STATES

@ They form an over-complete set in H and

]l:%/d2x|x><x\ : ]I:Z:‘HMH"

@ They are orthogonal only in the large N limit

N—-1
2 1+x-y -
ol = (5 () = G
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STRING MODES — COHERENT STATES

e Coherent states can be used to map (quantize) functions on S2 on matrices

6) M= [ dPxox)bo) (]
and matrices on functions (de-quantize)
M — ¢(x) = (x| M|x) .
@ This maps Tj,, on Y}, up to normalization

L(N-1-N(N+) N 2
aw (N—-D2 Tans

1
Tim = (x| Tim |x) = EY/,,,(X) , c,2 =

@ For | < v/N coefficients ¢; are approximately constant, quantization and de-quantization are inverse
of each other.

For | > v/ N coefficient ¢; grows extremely fast and de-quantized matrices are misleading.
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STRING MODES — REPRESENTATION OF FUNCTIONS ON 5,%—

@ Functions on the fuzzy sphere are matrices acting on H

M= " Mpn,|m)(n| .

m,n=—s

@ We can express the matrix M in a similar fashion using the coherent states

M= (ﬁ) [ exdyoteni vl

o Objects [Iso, Kawai, Kitazawa 2000; Steinacker 2016; Steinacker, JT 2022]

;)

form a basis of functions on the fuzzy sphere and we will call them the string modes.

x) {y| =
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STRING MODES — REPRESENTATION OF FUNCTIONS ON S,%—

@ Such representation of matrix M by function ¢(x, y) seems to be not unique (way more functions
than matrices).
But one can show that derivatives of ¢(x, y) are bounded by v/N, which means that the Fourier
modes of ¢ are restricted by /, [, < VN,

e Functions of two variables ¢(x, y) that represent functions on the fuzzy sphere have rather mild
behavior.
The coherent states are spread out over an area ~ 47 /N and average out any larger oscillations.

@ Large momentum UV wavelengths are smoothed out on the fuzzy sphere. But the price we pay is
non-local string modes.
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STRING MODES — REPRESENTATION OF FUNCTIONS ON S,%—

@ Short modes for |x — y| < 1/+/N can be shown to represent localized wave-packets with
momentum ~ N|x — y]|.
This is the classical regime.

@ Particularly string mode ‘i) represents a maximal localized function around point x, i.e. a fuzzy
version of J-function.
Functions with ¢(x, y) = ¢(x)d(x, y) are local and become the standard functions on S? in the
commutative limit.

e Long modes for |x — y| > 1/+/N are non-local and have no classical analogue.
This is the non-commutative regime.
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STRING MODES — REPRESENTATION OF OPERATORS ON FUNCTIONS

@ When working with functions we encounter operators
O:M—-0OWM).
o For example the Laplace opeartor, the kinetic term of the field theory, or the propagator

1

[L,‘, [L,‘7 M]] = oM s m .

e String modes are (large N) eigenfunctions of O

x N? 2
Y= (e ypn)

O

;) -
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STRING MODES — REPRESENTATION OF OPERATORS ON FUNCTIONS

[Steinacker, JT 2022]

o A general representation of such operators in terms of the string modes is straightforward

N
0= (47r> /d2xd2x’ d*y d?y’

@ There are two special cases
o Local

;)O(x7 y;x',y") (;i

o= <Af\7lr>2/d2xd2y j)oL(X,y)(ﬂ .
( ) /d2 a2y o (X,y)(

e Functions O; and Op may have very different behavior for different operators (oscillation,
singularity). Local representations are typically highly oscillatory, non-local representations are
better behaved.

o Non-local, but diagonal,
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STRING MODES — REPRESENTATION OF OPERATORS ON FUNCTIONS

@ For the propagator

_ 2, 2
D+m2 <47r) /d xd%y OP(X y)(
where
OD( )_ (x 1 x)
P va - y D+m2 y .

o Operator traces

N 2
2 2 X
TrO_(> /dxdy(y

;) -
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STRING MODES — REPRESENTATION OF OPERATORS ON FUNCTIONS

e For any function of the O operator f(0O0) we have
X
(x
X
y

where the curly bracket is the 6-symbol and cosy = x - y.

G

f(l:l)’i) - % 2(2/ + 1)f</(/ + 1))97I2/NP/(COSQ9)

f(D)

;) :;Iz(zk+1)(2/+1)(1)/+k+25f(k(k+1)){ P z }elz/NP/(C0519)
k,l

@ For the propagator we obtain

X)N 1
o+ m?lY NNTz|X—y|2+m2'
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STRING MODES — REPRESENTATION OF OPERATORS ON FUNCTIONS

@ Trace of propagator

1 N2 / 1 N2 1
Tr —— = d*x d2 X /d2X d2y— =
0O+ m? (471')2 ( o+ m2lY ) (47T)2 NTz|x—y|2-|—m2
N2 1

— du2—~2lo N) .
2 /o Ba-u)+m? e(M)

@ This is consistent with

= TR | /1 2Nx 2log (V)
|:1—|—m2 2 I(1+1) 1(1+1)+m? o N2x2 4+ m?2 & '

28 /52
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String modes and fuzzy field theories in the string modes
formalism
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FUZzZY SCALAR FIELD THEORY

o Commutative (for 5?)

S(®) = / d’x BchCD + %mzcbz + V(d))]
[ dOF(®)e5®)

= "Taoes®

o Non-commutative (for S?)

2
S(M) = A trBl\/lrlz[L,-, [L;,M]] + %mzl\/l2 + V(l\/l)}

dM F(M)e=5(M)
=1 fd/w(e—)s<M> '

[Balachandran, Kiirkgiioglu, Vaidya 2005; Szabo 2003; Ydri 2016] &

A
(&
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FUZZY SCALAR FIELD THEORY — UV /IR MIXING

@ The key property of the non-commutative field theories is the UV/IR mixing phenomenon, which
arises as a result of the nonlocality of the theory.
[Minwalla, Van Raamsdonk, Seiberg '00; Chu, Madore, Steinacker '01]

o Very energetic fluctuations (UV physics) have consequences at large distances (IR physics).

@ In terms of diagrams different properties of planar and non-planar ones.
The (matrix) vertex is not invariant under permutation of incoming momenta.

-1
47 |1 1
M = Z Z C/mTlm 5 S(M) = Wtr EM[L” [L,,M]] + EmZMQ —|—g/\/]4:|

=0 m=—1
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FUZZY SCALAR FIELD THEORY — UV /IR MIXING

TI' (M ) = Cll my C/2 m2 C/3m3 C/4 ma tr ( T/1 my le m2 T/3 m3 T/A m4)

h.ami..a
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FUZZY SCALAR FIELD THEORY - UV/IR MIXING

—

e
&
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FUZZY SCALAR FIELD THEORY — UV /IR MIXING

[Chu, Madore, Steinacker '01]

¥ Q& 77
\ i
% 7
TN )
N—1 .
P 2j+1
! _jz:;j(j+1)+m2
N—1 .
B 2j+1 in-1 ) | s s _N-1
’NP‘EW’V(‘”'Wl{j bl IR

JURAJ TEKEL STRING MODES AND FUZZY FIELD THEORIES 35 /52



FUZZY SCALAR FIELD THEORY — UV /IR MIXING

e N — oo limit of the effective action is different from the standard S? effective action

1 " "
Sone 1oop =50 + 5 / d2xq§(x)26m2—% / d%x p(x)h(B)p(x) + . ..

. "1
AYip =1Yim  h(n) =3¢ .
k=1

There is an extra, mildly nonlocal, term.
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FUZzZY SCALAR FIELD THEORY — MATRIX FORMALISM

@ Expressing M in terms of T, diagonalizes the kinetic term and leaves us to struggle with the
interaction term.

@ There is a different treatment that is more favorable to the interaction term but the kinetic term is
the problematic one now.
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FUZzZY SCALAR FIELD THEORY — MATRIX FORMALISM

o If we forget about the kinetic term for a moment

47 |1
S(M) = N §m2Mij/VIji + & MijMj My M

we can treat this model as a field theory with propagator

| 1
—— —
| —— = (MyMy) ~ —5 S

JURAJ TEKEL STRING MODES AND FUZZY FIELD THEORIES 38 /52

and vertex



FUZZY SCALAR FIELD THEORY - MATRIX FORMALISM

@ Resulting graphs are called fat graphs or ribbon graphs and are well known in matrix models.

]
e Matrix indexes run in the loops, not the momenta!

@ The problem is that the kinetic term leads to a nondiagonal propagator.
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fuzzy field theories in the string modes
formalism J
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LOOP COMPUTATIONS AND (NON)LOCALITY IN FUZzY QFT

[Steinacker 2016; Steinacker, JT 2022]
@ Feynman rules in string modes formalism - propagator

1 1

X1

XW—-'_XZ _ X2
T\

O+ m?
Compare with the pure matrix models propagator

i |
]

@ Feynman rules in string modes formalism - vertex

X Y,
Y, X,

>\/< ~ g (y1lx2) (y2|xs) (yslxa) (yalxa) -
X, /\\ Y,

Y, Xs

y‘) NNTz|x—y|2 +m

1
—_—— ?5,'/5,% .

(xalx1) (valy1)
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LOOP COMPUTATIONS AND (NON)LOCALITY IN FUZzY QFT

@ String modes bring, in the large N limit, the best from the two worlds. They diagonalize the kinetic
term and keep a simple structure of the vertices.

o Similar to the standard QFT calculations, but regular thanks to the effective non-commutative
cutoff. No singularities and no issues when computing loop diagrams in position space.

@ Too good to be true? The price we pay are the non-local modes ‘;) running in the diagrams or a

non-local theory of field ¢(x, y).
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ONE-LOOP TWO-POINT FUNCTION AND EFFECTIVE ACTION

X, Y4
Y, >\< X,
X, /\ v,
y2 X3
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ONE-LOOP TWO-POINT FUNCTION AND EFFECTIVE ACTION

Y, \/ X, Y

>
<
ra

>

Y,
XE
g (N ‘ 2 2 2 2
3 \ar d*x1d y1d“xad”y> p(xa, y1)P(x2; y2) X
2
my, 1 1
X X: X2) — + = X: X 5
b)) T ) O g
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ONE-LOOP TWO-POINT FUNCTION AND EFFECTIVE ACTION

@ We obtain the one-loop effective action for the classical fields ¢(x,y) = ¢(x) (x|y)
S = [ o5+ m)ol) + g [ dxof + & o [ Pxoluir
N2 1
+2 () [ xdy o0)

47 ’\’T2|x—y\2+m2 '

@ It can be shown that this is equivalent to the previous formula with — ;5 [ d”x ¢h(A)¢ but with a
different interpretation. [Steinacker 2016]
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TWO-LOOP TWO-POINT FUNCTION AND EFFECTIVE ACTION
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TWO-LOOP TWO-POINT FUNCTION AND EFFECTIVE ACTION

>
=<

~lnbo) Oabo) (£)" 45 | 35 [ dwOpleost,)| | [ e Ovteosion ]

XX

~ (yalx1) (y1]x2) (i )2 ﬂ

47 47

2
(N> / dzdw Op(cos ¥ w )Op(cos Y, )Op(cos ¥y, )]

&
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TWO-LOOP TWO-POINT FUNCTION AND EFFECTIVE ACTION

S
S
PO R0

2
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TWO-LOOP TWO-POINT FUNCTION AND EFFECTIVE ACTION

(%

z%%@ <t bb) () (1) 0mtay»

2<V%Q>§>> ~ b Gabe) (£)" 4 g1 [ o On(costan)On(cos )| On1)

X

N2
<4W> /dzdw(’)p(cos79X1W)(’)p(cos79WZ)(’)p(c05192yl)]

E&Q =l b ()" 7 (47 [ 92 Orteosven) | Orteosi?
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TWO-LOOP TWO-POINT FUNCTION AND EFFECTIVE ACTION
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TAKE HOME MESSAGE

Fuzzy spaces are toy models of spaces with quantum structure.

Fuzzy scalar field theories are very different from their standard counterparts.

There is an interesting way to describe functions and operators on fuzzy spaces.

The description works in position space and uses the coherent states also as a basis for the
functions and operators.

o It leads to some new insights in the fuzzy scalar field theory.
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TAKE HOME MESSAGE

o Fuzzy spaces are toy models of spaces with quantum structure.
@ Fuzzy scalar field theories are very different from their standard counterparts.
@ There is an interesting way to describe functions and operators on fuzzy spaces.

The description works in position space and uses the coherent states also as a basis for the
functions and operators.

o It leads to some new insights in the fuzzy scalar field theory.

Thank you for your attention!
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