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Priklad 1

Kedze uvazované elektricke pole je homogeénne, na vietky vylietavajuce elektrony bude smerom nadol
posobit konstantna sila velkosti Ee. Ta bude udelovat elektréonom zrychlenie a = % Moézme si tiez uvedo-
mit, Ze gravita¢na sila podsobiaca na elektrény je oproti elektrickej sile zanedbatelna. Celd stistava je rotacne
sumerna, takZe vo vypocte sa staci obmedzit na jeden rez obsahujuci zdroj. Analogicky k sikmému vrhu v
homogénnom gravita¢cnom poli mézeme popisat siradnice elektronu uniknuvsieho zo zdroja ped uhlom ¢
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V zavislosti na pociatocnej rychlosti a elevacnom uhle elektronu moézu vo vieobecnosti nastat tri pripady:
« elektron narazi do hornej dosky kondenzatora;

« elektron sa obtrie o hornit dosku kondenzatora;

« elektron nedosiahne dostato¢nu vysku na to, aby sa dotkol hornej dosky kondenzatora.

Pozrime sa na elektrén, ktory sa prave obtrie o hornt dosku. Letiaci elektréon dosiahne svoju maximalnu

vysku po case
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Ak tento ¢as dosadime do vzorca pre y-stradnicu a polozime ju rovnu d, zistime pod akym uhlom musi byt
vypusteny elektrén, aby svoju maximalnu vy$ku dosiahol prave vo vyske dosky, ¢o teda znamend, Ze sa o nu
obtrie.
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¢ = arcsin

Ak do tohoto vztahu dosadime zadané hodnoty, vyjde uhol ¢ = 36,37°. Tento uhol je mensi ako 45°, ¢o
znamena, zZe vietky elektrony, ktoré by mohli doletiet dalej, narazia do hornej dosky. Ak dosadime tento
uhol spolu s ¢asom T do rovnice pre x-stradnicu, zistime v akej vzdialenosti od stredu sa budu elektrony
obtierat o hornu dosku
v2 cos @ sin ¢
Xy = ————i
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Vieme teda, ze vrchol trajektorie takéhoto elektréonu je vo vodorovnej vzdialenosti x;, od zdroja. Ak si uvedo-
mime, Ze elektrén dosiahne vrchol trajektorie presne v polovici prejdenej vodorovnej vzdialenosti, zistime,
ze maximalny dolet na spodnej doske je x; = 2x;,.

Po dosadeni hodnét zo zadania dostéavame x;, = 2,715 m. Ak vezmeme do uvahy rotaénua stiumernost tlohy,
zistime, Ze elektrony budi na hornu dosku dopadat do kruhu s polomerom 2,715 m a na dolnu dosku do
kruhu s polomerom 5,43 m. Pre celkovu plochu dopadu teda dostavame vysledok

S=mn(x+x%)=5nx = 116 m?.
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Let y be the distance above the horizontal. The potential energy of the
cylinder is just mgy and of the mass point is mgy + mgacosf/2 and
y = afl sin v, so the total potential energy is

V(B) = mg (2afsinee + acosf/2) .

The cylinder will roll freely when there are no stable points:

dv 1
20 = ™ (2 siIl (¢ — 2 sin H) =0
dsine = sinf

s0 when sinf > 1/4, the cylinder begins to roll.

Alternatively, one may take torques around the contact point.

Priklad 3
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Solutmn 1.10. In pla.ne-polar ceerdmates the Lagra.ng:an for a par-
ticle moving in a central potentlal V(r} is : '

 where m is the mass of the particle The 'peteﬁtia.] is given in the
question as - - _ '

V(r)-'-'—,—-l-—brz o (10.90)

The 8- component ef La.gra.nge s equatmn is

8L.. . 2 S
- 5:9- m'r_ 3 = consta.nt =1 Lo | (10.91)

The hamiltonian of our system is then

4 it

PR P e
o 0= om + 2mr? + V(") = o+ Veg(r), (10.92)
“with p, = ms and o | -
' o 2 : " .
cﬂ(") = z,ﬁ 7+ V(). S (10.93)

The term. I*{?mr is referred to as an “angular momentum barricr.”
Solving the equations of motion for this harmltema.n is equwa.lent to
: sohrmg Lagrange s equatmns for the Lagrangla.n N :

L.':-imrz-_—.Veﬁ(r), o | (10.94)



This is a completely general result for the motion of a particle in a
central potential and could easily have bn-.n our. starting pomt in thm
~ problem (e.g., Goldstein, Chapter 3).

It may seem unnecessa.nly long-winded to go t-hmugh this proce-
dure, but note that the sign of the angular momentum barrier in (10.94)
is opposite to what we would have gotten if we had naively replaced 6
with {/mr? in the Lagrangian (10. 89). This is due to the fact that the
Lagrangian is a function of the time dcnvahve of the position, and nol:.

of the canonical momentum.

The equatmn of motion from {1[] 94) is

Vﬁ(r) L (10.98)

If the pa.rhc]e is in a circular nrbut at r = 1o we I'Equll'!: that the force
on it at that radnis shnuld vanish, .

e_ﬁ" L . ' _
- s =0, | - (10.96)

-Using our expresamn for V., E(IU 93}, we derive an cxprcssmn relating
the angular momentum [ to the radius of the orbit ro: :

— - —bre=0. - (1097)

We are interest;:d n j:erturbatiuns. about this circular orbit. Provided
the perturbation remains small, we can expand Vzﬂ{‘"} about To;

v, ﬂ{r}-'= v ﬁ{?’ﬂ.) —f— (r -'rn]Vﬂ{rg] + l{r —1p)* t:jﬂ{r‘:'] + [lﬂ 98)

If we usé this cxpansion in the Lﬂ.gra.ngm.n (10.94) together with the
condition (10.96), we find
1 ., 1 _ o :
Lr = Emrz _ —(1‘ —"?‘n)zl-'rﬂ{ -}, . o (].D 59)

where we have dropped a constant term. This is just the Lagrangian
for a simple harmonic oscillator descnbmg a particle undergoing radial
osullatmns w1th frequency

=iVl (10100

D:ffcrcntiatmg v, ﬂ{r ) twice gn.rc.s us

3 2k '.5 o,
mrg 13 mw (10.101

frc:qucnc]r of radial ﬂsctlla.tmn
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We -can climinate | between equations (10. 1[}1] and (lﬂ 9?] to give thl
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To find the rate of precession of the pgrihélion,,.m_:: nced to knov

* the period of the orbit. From the definition of angular momentum [
equation (10.91), we have an equation for the orbital angular velocits

W, . .
= oe—= B ! . 1 5 '
“ dt = mr? o { 0.103

Let us write r(t) = ro + €(t), where ¢(t) is sinusoidal with frequency o
and average value zero. We substitute r(t) into equation’ (10.103) anc
expand in e(t): ' '

1 % ,)-' SR .
—=—(1-2i0e).  ou0r
dt  mrd -(1 To _+ {:}(E ) : (10.104,

To zeroth order in the small quantities br3/k and €/ro, the period of Lhe
“orbit T} is the same as the period of oscillations T} = 27 fw. Thereforc
we can average € over T; rather than Tj and still get zcro, to within
terms of second order, which we are neglecting. The average angular
velocity is therefore =

5= T o = v‘ + — A(10.105
wl -Tl rg rua L . ( }

where we have made use of (10.97). - , L

Now consider one complete period of the radial oscillation. This
takes place in time T3 = 2w /w. In this time the particle travels along
its orbit through an angle of : ' ' '

@y k/mrd + b/m - —
'&gzn-‘i’iz-zw\/’! o A | ?)
~@ Jkfmrd + 4bjm o _

a

o =R g
In'other '-wéf&:s',:._hhq _p._a.r'tir;le doé_s-nat quite orbit through 21 before .
‘the radial escillation is’ completed. Each time around the perihelion -
- Precesses backwards through an angle S e d T
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and __it-. géts_.é:rl:rund in ﬂ_rhe T3, so the'iﬁ;e-ciassinn rate is
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Priklad 4

Priklad 5

(a) The electric potential V" satisfies the Laplace equation, V2V = 0. Given
the boundary conditions

Vi, y=0)=0=V{(zx,y=a), and Viz=0,y) = Vp,
the solution is of the form
: \ =5 M T
V(x,y) = Vosin (TJ) e
Inserting this solution into the Laplace equation, we have
a2
= (—') = A —n,
a
or k = xiw/a. Thus, the solution (for x = 0) is

1‘”{;}'_ y} — I{D =sin (E) E—ﬁr_l,-'u-
‘L



(We can ignore x > L/2 since e P4/28 <« 1 for L/a > 1.)

(b) To find the ch_gl,rge density o at the surface of the conductors, we need
the electric field E at the surface. The latter can be obtained from the
potential V(z,y) as

E=—GV= b [sin (%) I — cos (%) ﬁ] g

At the surfaces of the conducting plates at ¥y = 0 and y = a, the induced
charge densities are the same. with

ED?TVUE—WIM

cr[imy:[i}zcr(:l:,yzﬂ}=EDE-ﬁ=— " : =0
for both plates.
(c) Force exerted on a conductor is given by
F= [oEudn,
integrated over the surface area of the conductor, with Eo = Egqf = E /2.

On the upper plate (and z = 0),
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Including also the part from = < (. the total force exerted on the top plate
is T

Fisipur = _Efuvﬂ% .
i.e., the top plate is attracted towards the lower plate.

By symmetry, the lower plate is attracted towards the upper plate with force
of the same magnitude, i.e.,

2 T 2
Flmver = +EEC|H]9L u.



