METODY RIESENIA FYZIKALNYCH ULOH zima22 - Priklady 5
VZOROVE RIESENIA
Cvicenie 30.11.2023

Priklad 1

4. Two blocks and two pulleys (Question from Dave, solution from Peter)

Most straightforward to use Lagrangian with constraint for fixed length of rope:

i Uy +my 37 )+ mygx e (referring to the diagram with the problem) x
‘s:(.*;,}.':l— O=x+2y+d-!

increases downward and y increases to the right. The rope has length /and ¢

accounts for all the rope not taken up by xand y. Also from the constraint, we
have ¥ =-2y. Using the Euler-Lagrange equations with undetermined multiplier

gives

-2mi+2mg-24A=0

= M., X ; = ¥ = 1o

HEJ;;-' F24=0 P +24 =0 4}'”] + m,

mi-mg+A=0

Check limits: m;>>m,, acceleration is g, : m;<<m;, acceleration goes to zero.
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Priklad 2

Na situaci se podivame z inercialni vztainé soustavy spojené s formuli. V této soustave se
molekuly vzduchu pohybuji rychlosti v proti formuli. Protoze se jedna o elastickou srazku
a protoze je hmotnost formule mnohem vyssi nei molekul veduchu, mizeme predpokladat, ze
pro narazejicl molekuly plati, Zze je hel odrazu roven thlu dopadu, cznatme jej e Protoze se
navic molekuly pohybuji po pfimee rovnobézné se stropem, migeme tento ihel uréit z tvaru
formule (tedy pravoihlého trojihelniku) jako

o= arctgg =11,3°,

kde k = 1,0m znaéi vysku pravoihlého trojihelniku a d = 5,1 m jeho délku.
Po srazce budou mit molekuly stejnou rychlost, ale od piivodniho sméru budou odchyleny
o thel 2o (1hel dopadu + odrazu). Pro jejich hybnost ve sméru kolmém na strop tedy plati

py = muvsin 2oy .

Zie makona zachovani hybnosti plati, Ze tato hybnost je rovna hybnosti, kterou pii srazee predaji
v tomto sméru formuli. Pro celkovou hybnost v zavislosti na ¢ase potrebujeme do vztahu vise
dosadit hmotnost viech molekul, = nimiz se formule srazi za ¢as di. Uvagujme proto kvadr
o stranich délky s = 1,8 m (sitka formule), h a v df, kde vdf je rovno vedalenosti, kterou uraszi
formule za ¢as di. Pro hmotnost potom plati

dm = vshpdf |

ure = 1’5“:-!.‘ e 3
kde p znaéi hustotu veduchu. Dosazenim do vztahu pro hybnost dostaneme

dp, = vsin2adm ,

dp, = sht:lgp sin 2adt .
Nakonec, pro vatah mezi hybnosti a silou pusobici smérem vzhiru na vozidlo plati

dp
F=



odkud
F, = shv?psin2a.

Tato sila musi vyrovnat tithovou silu Mg, kterd plisobi na formuli
Mg = sfwzp sin 2o ,

kde M znaci hmotnost formule.
Upravou dostaneme
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Priklad 3

SOLUTION: For a non-interacting ideal gas,

e
E=-5zNIng,

where ( is the single-molecule partition function

¢ = Z(n. + 1) exp(—fBne) .
n=0
This partition function can be evaluated as follows (x = B¢):
T d — _ T d g . aA.-A1—2
(=—e€ ERZZDBXP (—(rn+1)z)=—€ i e [1 — exp(—82)]~.

Hence, the sought contribution to the energy is

_ 2Ne
 exp(e/kT) —1°




Alternatively, one can reproduce this result as follows. One can imagine that
every molecule has two independent internal degrees of freedom of harmonic
oscilator type, with energy spacing £ each. It is easy to see that this model
gives the same spectrum and degeneracies if the energy is counted from the
ground state. With this convention, the average energy of a single harmonic
oscillator is enp(c), where np(c) is the Bose-Einstein occupation number.
Therefore, for the entire gas we get E = 2Nenpg(c), in agreement with the
first derivation.



