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interaction via deformation

electromagnetic interaction, coupling to gauge field:

▶ start with free Hamiltonian H, then:

▶ either deform H (“minimal substitution”): H ′ = H(p − A, q)

▶ or deform ω and hence { , }: α′ =
∑

pdq + A → ω′ = ω + dA

e.g. relativistic particle in einbein formalism (no
√
. . .!)

S =

∫
dτ

(
1

2e
gµν(x)ẋ

µẋν − 1

2
em2 + Aµ(x)ẋ

µ

)
⇝ pµ =

1

e
gµν ẋ

ν + Aµ

SH =

∫
pµdx

µ − 1

2
e
(
(pµ − Aµ)

2 +m2
)
dτ ← pµ: canonical momentum

SH =

∫
(pµ + Aµ) dx

µ − 1

2
e
(
p2µ +m2

)
dτ ← pµ: physical momentum



interaction via deformation

deformed symplectic 2-form

ω′ = d
(
pµ + Aµ

)
∧ dxµ ⇝

{pµ, pν}′ = Fµν , {xµ, pν}′ = δµν , {xµ, xν}′ = 0

{pλ, {pµ, pν}′}′ + cycl. = (dF )λµν = (∗jm)λµν ← magnetic 4-current

free Hamiltonian H = 1
2p

2, deformed Poisson brackets ⇒ Hamilton-Lorentz equations:

ẋν = {xν ,H}′ = pν

ṗµ = {pµ,H}′ = Fµν ẋ
ν



interaction via deformation

Quantization

▶ path integral ✓
▶ deformation quantization ✓(even non-associativity o.k.)

▶ canonical? (✓) :

Deformed CCR:

[pµ, pν ] = iℏFµν , [xµ, pν ] = iℏδµν , [xµ, xν ] = 0, [γµ, γν ]+ = 2gµν

Let p = γµpµ and H = 1
2p

2 ⇝ correct coupling of fields to spin

H = 1
8

(
[γµ, γν ]+[pµ, pν ]+ + [γµ, γν ][pµ, pν ]

)
= 1

2p
2 − iℏ

2 S
µνFµν

Lorentz-Heisenberg equations of motion (ignoring spin)

ṗµ = i
ℏ [H, pµ] =

1
2 (Fµν ẋ

ν + ẋνFµν) with ẋν = i
ℏ [H, x

ν ] = pν

this formalism allows dF ̸= 0: magnetic sources, non-associativity



interaction via deformation: monopoles

local non-associativity: 1
3 [pλ, [pµ, pν ]] dx

λdxµdxν = ℏ2dF = ℏ2 ∗jm
jm ̸= 0 ⇔ no operator representation of the pµ!

spacetime translations are still generated by pµ (physical momentum), but magnetic flux Φm

leads to path-dependence with phase e iϕ; where ϕ = iqeΦm/ℏ
globally:

Φm =

∫

S

F =

∫

∂S

A ↔ non-commutativity

Φm =

∫

∂V

F =

∫

V

dF =

∫

V

∗jm = qm ↔ non-associativity
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global associativity requires ϕ ∈ 2πZ ⇒ qeqm
2πℏ

∈ Z Dirac quantization

this is a fully relativistic version of previous work of Jackiw 1985, 2002

algebraic approach to non-associative QM: PS, Szabo: arXiv:2311.03647 [quant-ph]



magnetic monopoles in the lab

spin ice pyrochlore and Dirac monopoles

Castelnovo, Moessner, Sondhi (2008)

Fennell; Morris; Hall, . . . (2009)

frustrated spin system ↔ huge degeneracy of classical ground state
Lieb, PS (1999), (2000); PS (2001)
































































