
Journal of Quantitative Spectroscopy & Radiative Transfer 250 (2020) 106998 

Contents lists available at ScienceDirect 

Journal of Quantitative Spectroscopy & Radiative Transfer 

journal homepage: www.elsevier.com/locate/jqsrt 

Multi-wavelength radiometry of aerosols designed for more accurate 

night sky brightness predictions 

Miroslav Kocifaj a , b , ∗, František Kundracik 

a 

a Department of Experimental Physics, Faculty of Mathematics, Physics, and Informatics, Comenius University, Mlynská dolina, 842 48 Bratislava, Slovak 

Republic 
b ICA, Slovak Academy of Sciences, Dúbravská Road 9, 845 03 Bratislava, Slovak Republic 

a r t i c l e i n f o 

Article history: 

Received 12 November 2019 

Revised 12 February 2020 

Accepted 26 March 2020 

Available online 25 April 2020 

Keywords: 

Aerosols 

Size distribution 

Optical depth 

Night sky brightness 

Numerical modeling 

a b s t r a c t 

Scattering by aerosols and gases cause a certain fraction of artificial light emitted upwards is redirected 

to the ground. Of all atmospheric constituents just the aerosols are most important modulators of night- 

sky brightness under cloudless conditions. Unlike most of the previous we highlight a crucial role of solar 

radiometry for determining the atmospheric optical depth before night-time observation is to be made. 

Aerosol optical depth at visible wavelengths extracted from the data measured provides then the infor- 

mation on size distribution or mean refractive index of aerosol particles that in turn are both necessary 

to make night sky brightness prediction more accurate. Therefore, combining daytime and night-time 

radiometry we can achieve accuracy much higher than ever before. This is due to significantly reduced 

uncertainty in aerosol properties. 

The aerosol data are retrieved from a new portable multi-wavelength optical analyzer that operates Ocean 

Optics spectrometer. The equipment provides the radiance data from 350 nm to 10 0 0 nm with spectral 

resolution of 1 nm. Due to high sun radiance levels we use a system of mirrors each reducing the signal 

to about 4%, while keeping the integration time short. The minimum integration time of 3 ms allows for 

detection of direct sunlight. The system developed is sensitive to small changes in the aerosol system, 

while showing a good detection limit even under low turbidity conditions. The system performance is 

demonstrated in field experiment conducted shortly after front passage when most of aerosol particles is 

effectively removed by rain. 

© 2020 Elsevier Ltd. All rights reserved. 
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. Introduction 

Aerosols are known to have strong influence on the spectral

ariation and directionality of the scattered light in a cloud-free at-

osphere [12,21,49,53] . Unlike gaseous components, the light scat-

ering by aerosols shows a large asymmetry, and, also the peak in-

ensity in forward direction significantly exceeds that for Rayleigh

cattering by air molecules. Therefore, the turbid atmosphere scat-

ers the light more efficiently around the direction of beam prop-

gation. The forward lobe scattering causes the light emitted up-

ards can propagate to nocturnal environment more easily than

ight beams scattered uniformly to all directions. The particles

mall compared to wavelength tend to scatter efficiently to both

orward and backward directions while asymptotically approaching

ayleigh scattering pattern. Diversely, the amplitude function for

ight scattering by a very large particle is derived from the diffrac-
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ion theory and ruled by Bessel function J 1 . The intensity distribu-

ion is then proportional to the square of J 1 ( x sin θ )/( x sin θ ), where

 = 2 π r / λ is so-called size parameter. For a spherical particle r

s the particle radius and λ is the wavelength of an incident ra-

iation. Unlike Rayleigh theory, the intensity decreases drastically

s the scattering angle θ increases. Therefore the size distribution

f aerosol particles is a key factor predetermining the angular dis-

ribution of scattered light in night-time atmosphere and diffuse

lluminance level as a function of distance to the source of light. 

Size of aerosol particles ranges from a few hundreds of

anometers (nucleation mode) to several tens of micrometers

coarse mode), while the size distribution function appears to be

ne of the most variable properties of aerosol systems. Typically

rban on-road particles are of sub-micrometer size [18] contain-

ng a large fraction of light-absorbing elements, such as carbon or

arbonaceous species [11] . Air pollution in an urban area is influ-

nced by local sources (e.g. industry), but wind direction can cause

heir dominance to be ambiguous. Rural aerosols may differ from

rban aerosols in composition, sizes, and/or prevailing morpholo-

https://doi.org/10.1016/j.jqsrt.2020.106998
http://www.ScienceDirect.com
http://www.elsevier.com/locate/jqsrt
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jqsrt.2020.106998&domain=pdf
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Fig. 1. Optical mounting at the entrance to the spectrometer: (a) optical design with reflecting glassy filters, (b) optical design based on MoC absorption filters. 
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gies, mostly because of different nature of air pollution sources.

Variability of absorption and optical properties of key aerosol types

worldwide have been shortly reviewed by Dubovik et al. [16] and

the optical effects from single particles and polydispersions are

summarized in [35] . No doubt that the night sky brightness (NSB)

predictions for urban and rural environments would suffer from

inaccuracy when the atmospheric turbidity increases and the in-

formation on aerosols is missing. 

Optical and physical properties of aerosols are not measured

routinely outdoors. Some of the optical data are available from

global networks such as e.g. Aeronet, however, monitoring is car-

ried out for only a very limited number of cities. Microphysi-

cal properties (including size distribution or chemistry) is scarcely

available, while cumulative content of particulate matter 10 μm or

less in diameter are obtained by filtration at meteorological sta-

tions. In most of cases the aerosol properties are only inferred indi-

rectly, from PM10, visibility, relative humidity etc. [6,32] . The most

important are aerosol optical depth, AOD, and number size distri-

bution, f ( r ). AOD is a measure of atmospheric turbidity and has di-

rect relation to the attenuation of a beam of light on its path in the

atmosphere. AOD is also an indirect indicator of light scattering ef-

ficiency. The large AOD and more intense scattering are normally

detected due to increased aerosol loading. Aerosol optical depth

is an integral product of particle size distribution and extinction

cross section, so it is not surprising that experimental data of AOD

taken at wide range of discrete wavelengths is the vital source of

information on f ( r ). Number size distribution also predetermines

intensity distribution for scattered light, thus the methods for con-

current AOD and f ( r ) retrieval reveal a great potential in achieving

a more accurate skyglow predictions. 

On overcast nights the fluctuations of NSB amplitude is mostly

due to clouds. However, the clear sky radiative transfer surpris-

ingly involves more uncertainty because aerosols of different na-

ture are impossible to distinguish visually although their impacts

on skyglow can be large. For instance, the NSB might appear to

be moderately graded with a broader light dome over a city or

show a steep gradation from zenith toward light source at horizon

depending on particle size distribution, while number concentra-

tion of particles can remain unchanged. Unlike some meteorolog-

ical parameters such as cloud coverage, the AOD is the parame-

ter that cannot be deduced from visual sky sighting. An experi-

enced individual observer might be able to distinguish between

very bright sky and polluted atmosphere (both observed under

cloud-free conditions), but for an accurate quantification we need

objective methods and devices. Aerosol-induced changes to NSB

can be as large as some orders of magnitude depending on dis-

tance to the observer, therefore AOD retrieval is important espe-

cially under clear sky conditions. 

Basically, the night time aerosol optical measurements are

scarce [4,37] , while most of them require special conditions and/or

devices ( [22] ; or [34] ). This is why we present here a novel alterna-

tive to the AOD characterization using portable multi-wavelength

solar radiometer that can be used at any site during a day shortly

before night-time measurements are to be conducted. The opti-

cal system documented in Section 2 is designed for measurements

0  
ver the visible and near infrared wavelength range aiming to re-

rieve atmospheric optical depth as a function of wavelength. The

nversion routines to compute aerosol properties are analyzed in

ection 3 , and validated in Section 4 using data acquired during a

eld experiment. 

. A multi-wavelength atmospheric turbidity analyzer 

Wind direction, air pressure field and other parameters are ex-

ected to be static or to change smoothly under stable meteoro-

ogical conditions. The air pressure is high because of large mass

f descending air and then days and nights are normally clear. No

brupt changes in the aerosol system are observed thus providing

 unique possibility for retrieval of aerosol data in daytime. Two

assive methods are commonly used to characterize atmospheric

erosols optically: (1) sun radiometry, and (2) all-sky photome-

ry. The latter ideally requires cloud-free sky or cloud coverage to

e very low, and, no cloud masking effects in solar almucantar

52,54] or solar principal plane [36] . The aerosol properties are ob-

ained from radiance data taken at wide range of scattering angles.

ue to small angular size of sundisk the good experimental con-

itions are much easier to achieve for solar radiometry than for

ll-sky photometry. This increases chances for remote sensing of

tmospheric aerosols through unobstructed direct sunbeam mea-

urements [2] . Spectral flux density of solar radiation is also di-

ectly related to AOD [3] . 

A simple concept of multi-wavelength spectrometry allows for

outine in-situ atmospheric turbidity analysis at any site. Taking

dvantage of on-shield projected sun image, its fixation and a spe-

ial mode in which only the peak intensity is captured, the device

e have developed becomes easy to operate manually. No pro-

essional system for smooth and precise movement is necessary

o point the device toward the sun. The device consists of spec-

rometer with optical grating and CCD detector sensitive to visi-

le and near infrared wavelengths [31] . Control signal communica-

ion and data transfer are made via USB port. Due to its extremely

igh intensity the sunbeams need to be attenuated before entering

indow opening at the spectrometer. Even with minimal exposure

ime of 1/30 0 0 s the signal is still much above the upper detec-

ion limit, thus we used neutral filters with transparency of ca 0.2%

o avoid signal saturation. Two filter-controlled optical designs are

ossible: one based on reflection from microscope slide ( Fig. 1 a),

nd other one based on MoC absorption filters ( Fig. 1 b). 

The microscopic glass filters are used to deliver sunlight to pin-

ole entrance aperture (see Fig. 1 a) while the flux density of so-

ar radiation is reduced to only ca 0.2% of its initial value. This

s due to 4% reflection efficiency attributed to the first reflection

vent and 5% efficiency for second reflection at the incidence an-

le of ca 45 °. In Fig. 1 b sunlight initially passes through a set of

hree filters made from a thin layer of MoC on a sapphire sub-

trate and then the light is being reflected from aluminum-coated

i substrate. The transmission coefficients of the filters are 0.115,

.115 and 0.13 respectively, and the reflection coefficient of the Al

irror is ca 0.92. Therefore the intensity of light is reduced to

.115 × 0.115 × 0.13 × 0.92 ≈0.16% of its initial value. Both com-
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Fig. 2. (a) An atmospheric turbidity analyzer mounting, (b) the system of mirrors, attachment to the spectrometer, and the cover with aiming device, respectively. 
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onents can be easily incorporated into a portable device using

D-printed plastic parts ( Fig. 2 ). The mirrors are fixed in the box,

hile the attachment has to be screwed to the spectrometer input.

he top-element (circular meander) must match the box (light-

ight connection). The third part (upper cover) is used as an aiming

evice. 

We have developed platform-independent Java solution to cap-

ure solar spectrum and to communicate to spectrometer via Om-

iDriver controller. First the dark spectrum is taken and the noise

s properly digitized also for very low intensity levels. Aiming de-

ice that consists of a hole in the front of the mounting and a cross

isplayed on a projection plane allows to direct the atmospheric

urbidity analyzer towards the sundisk. Solar spectrum is captured

hree times a second and corrected for “hot” pixels (the average of

wo signals from neighboring pixels is used). Each time the peak-

alued spectrum is detected an acoustic signaling is used before

ew data-set is recorded. Sunlight is so intense that the useful sig-

al level is achieved in a short integration time. It should be noted

hat each value is the average of 30 measurements, and the spec-

roradiometer handles a few values per second. 

. Processing of visible and near IR spectra, while obtaining 

he aerosol properties 

Under clear sky conditions the spectral intensity of an extrater-

estrial source of light decays exponentially with increasing opti-

al air mass, M . By definition M is proportional to the optical path

ength in a light scattering medium. For horizontally homogeneous

tratified atmosphere illuminated from above by parallel sunbeams

he optical air mass can be expressed as follows [10] 

 ( z ) = Ch ( z ) = 

√ 

πR 

2 H 

[ 

1 − erf 

( √ 

R 

H 

cos 

(
z 

2 

)) ] 

exp 

[ 
R 

H 

cos 2 
(

z 

2 

)] 
, 

(1) 

here Ch ( z ) is Chapman function calculated for an observer at the

round surface, erf (…) is the error function [39] , R is radius of the

arth ( ≈6371 km), H is the atmospheric scale height ( ≈8 km in

ccordance with [51] ), and z is the observational zenith angle. In

q. (1) M ( z ) is zenith-normalized optical air mass, so M (0) = 1. Many

pproximations to the above formula exist. Of all, we can introduce
 expressed as a function of elevation angle h = 

π/ 2 − z [56] 

 ( h ) = 

2 . 0016 

sin h + 

√ 

sin 

2 
h + 0 . 003147 

. (2) 

Eq. (2) is advantageous for applications where the optical phe-

omena above the horizontal are of key importance. At night when

 bright dome of light is observed over a distant city, M is normally

equired for large values of z , so we prefer Eq. (2) . At horizon the

ptical air mass asymptotically approaches the value of 35.7, mean-

ng that the horizontal optical trajectory in the atmosphere is 36-

imes the vertical optical path length. On the other hand, to keep

he error margin of sunlight measurements low, we normally re-

uire M to not exceed the value of 3 (the values above 3 are ac-

eptable under very stable optical conditions). The day-time exper-

ments are therefore limited to h > 20 °. In such case, M ( z ) can be

pproximated by cos −1 ( z ). The spectral flux density of direct solar

adiation measured by the device is 

 λ( z ) = I 0 λe −τ ( λ) / cos z , (3) 

here I 0 λ is the instrument’s extraterrestrial constant. This means

e do not require I 0 λ is to be physically measured in Wm 

−2 nm 

−1 .

ncalibrated values are acceptable, however, we require I λ to scale

inearly with amplitude of optical signals. A constant ( C ) to con-

ert the device-specific intensity to a calibrated one is not nec-

ssary because C cancels out when atmospheric optical depth is

omputed as follows 

( λ) = cos z ln 

[
C I 0 λ

C I λ( z ) 

]
= cos z ln 

[
I 0 λ

I λ( z ) 

]
. (4)

Aerosol optical depth τ A ( λ) (or AOD regularly used throughout

his paper) is then obtained by subtracting gaseous-components

rom τ ( λ), i.e. 

A ( λ) = τ ( λ) − τR ( λ) − τO 3 ( λ) − τH2 O ( λ) − τT G ( λ) , (5) 

here τ R ( λ), τO 3 ( λ), τH 2 O ( λ), and τ TG ( λ) are the optical depths for

ayleigh scattering, ozone absorption, water vapor absorption, and

race-gases absorption, respectively. The contribution from other

han above components are negligibly small. Visible and near-

nfrared spectra of τ R , τO 3 , and τH 2 O are shown in Fig. 3 for the

tandard atmosphere ( [19] , τ TG is also low compared to other com-

onents thus not displayed). Fairly largest contribution to τ ( λ)
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Fig. 3. Optical depths of the most important atmospheric constituents (except for 

aerosols). 
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τ  
from Rayleigh scattering is found for visible wavelengths, while

water vapor absorption dominate all other components in the near

infrared. 

Light absorption and scattering by aerosol particles cause the

flux density of solar radiation would drop significantly in the vis-

ible spectral range. Light scattering removes a certain amount

of electromagnetic energy from the incident radiation and redis-

tributes the light to both forward and backward hemispheres. Un-

like light scattering by aerosols, the absorption is a wavelength-

selective process and strongly depends on material composition.

For instance, carbon particles [1] and other carbonaceous species

[42] typically absorb visible light orders of magnitude more effi-

ciently than mineral particles [26] or some other inorganic con-

stituents ( [33] and references therein). Optical depth of aerosol

particles is therefore difficult to express analytically or to com-

pute as a fixed function of wavelength. The scattering efficiency

of an aerosol particle depends on its size, morphology, chemistry

and also on how the material constituents are internally mixed

[30] . High sensitivity of τ A ( λ) to the aerosol microphysical prop-

erties makes their retrieval from experimental data possible. The

most commonly extracted aerosol property is the number size dis-

tribution, f ( r ) = dn / dr , with n being the volume concentration of

aerosol particles ( m 

−3 ) and r the particle radius. The function f is

so-called columnar size distribution, otherwise also called column-

integrated distribution of particles, or the distribution of particles

per unit cross section of atmospheric column. It is very common

in atmospheric radiometric measurements to deal with columnar

size distributions [41] . Normally there is a lack of information on

the spatial distribution of aerosols, but Yang and Gordon [55] have

shown that effect of aerosol horizontal inhomogeneity generally

produces low errors in most of aerosol retrievals (e.g. the error

margin for single scattering albedo retrieval from optical remote

sensing is less than 1%). 

For non-spherical particles the value of r is computed as the ra-

dius of volume-equivalent sphere. The contribution to τ A ( λ) from

a system of equally-sized particles is obtained as the product of n

and C ext ( λ), where C ext is the cross section for extinction [7] . There-

fore, AOD for a population of aerosol particles is obtained as a su-

perposition of all elementary contributions from all particles, i.e.

τA ( λ) = 

∫ ∞ 

C ext ( r, λ) f ( r ) dr . (6)

0 
For non-spherical particles C ext ( r , λ) can be computed numeri-

ally using the volume integral equation method (such as e.g. Dis-

rete Dipole Approximation; [15] ) or extended boundary condition

ethod (e.g. T-matrix; [25] ). The latter is more efficient for bod-

es of revolution [35] . The exact solution to electromagnetic scat-

ering by particles of spherical geometries is known as Mie the-

ry [23] for which a number of approximations exist. Of all, the

nomalous diffraction theory attracted a lot of attention [17] 

 ext ( r, λ) = 

C ext ( r, λ) 

π r 2 
= 

2 m − 1 

m 

[ 
2 − 4 

y 
sin y + 

4 

y 2 
( 1 − cos y ) 

] 
, 

(7)

here Q ext is dimensionless efficiency factor for extinction, m is

he complex refractive index of aerosols, and y = 2 x ( m − 1), and

 = 2 π r / λ is the size parameter. Due to its analytical formulation

he anomalous diffraction theory has been frequently used in par-

icle sizing applications in the past [8,9] . These methods profit a

ot from reduced functional dependency of Q ext ( r / λ) that belongs

o a class of product-type kernels. 

Retrieval of particle size distribution function f ( r ) from ex-

erimentally determined τ A ( λ) is an ill-posed task, but for the

roduct-type kernels ( Eq. (7) ) a straightforward procedure ex-

sts for determining f ( r ). We use Mellin’s transform of the ker-

el Q ext ( r / λ) that is based on two-sided Laplace’s transform [29] .

t has been shown by Shifrin [44] that inverse kernel has the

imple analytical form of [1 − cos y ]/ y − sin y for homogeneous

on-absorbing spheres. Solution to the integral Eq. (6) then does

ot increase computational burden because f ( r ) is a simple one-

imensional integral representation of experimental data function

hile modulated by inverse kernel. However, the above approach

ay fail if applied to particles of arbitrary properties, so we rather

refer to find the true solution by minimizing the following func-

ional 

α = 

N λ∑ 

i λ=1 

[ 

N r ∑ 

j r =1 

C ext ( i λ, j r ) f ( j r ) − τA ( i λ) 

] 2 

+ α
{

f T · H · f 
}

(8)

here N λ and N r are the number of measurements and num-

er of discrete radii for which f ( r ) is to be determined. The in-

ices i λ, j r float within defined grid range. The last term is inter-

reted as a quadratic constraint aiming to penalize large norms of

f = ( f 1 , f 2 , · · · f N r ) . There is no relation between elements of the

ensity function, so H is a near-diagonal matrix, whose form de-

ends on how the vector f is to be smoothed. The regularization

arameter α is to weight the smoothing functional and its proper

hoice is crucial toward finding realistic solution to f ( r ). Solution to

q. (8) is known as Tikhonov’s regularization [45] with algorithms

escribed by Press et al. [39] or Twomey [47] . A common approach

s to find the solution vector from the following two equations 

f = 

(
C T ext C ext + αH 

)−1 
C T ext τA , (9)

 

C ext f − τA | 2 ≤ ε 2 (10)

here C ext is N λ × N r matrix whose elements are scattering cross

ections for a specific particle radius ( r ) and wavelength ( λ), C T ext is

he transposed matrix of C ext , τA = ( τA 1 , τA 2 , · · · τA N λ
) is data vec-

or, and ε is the margin for experimental error. Eq. (10) is to guar-

ntee the true solution satisfies the measure of goodness. In practi-

al applications, especially when C ext does not guarantee the stable

olution, experimentation with several distinct kernels can become

eaningful. Most typically we reformulate Eq. (6) as follows 

A ( λ) = 

∫ ∞ C ext ( r, λ) 

π r 2 

[
π r 2 f ( r ) 

]
dr, (11)
0 
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Fig. 4. Meteorological situation for central Europe on Sep. 4, 2019 shortly after front passage (after www.shmu.sk ). The field experiment has been conducted in Bratislava 

(see yellow cross). 

Fig. 5. Air pressure field for central Europe on Sep. 4, 2019 (after www.shmu.sk ). The observation point is indicated with yellow cross. 
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here the new kernel Q ext ( r, λ) = 

C ext ( r,λ) 

π r 2 
may appear useful in

ome retrievals (see [9] for more detail analysis). The sought func-

ion is then s ( r ) = π r 2 f ( r ). 

. Testing the device and validation the model in a field 

xperiment 

The device developed is intended to operate under wide range

f clear-sky conditions of which the most serious are those

hen atmosphere exhibits minimal aerosol loading. Extremely low

erosol content causes that the right-hand-side of Eq. (5) quickly

pproaches zero, thus increasing the error in aerosol optical depth

etrieval. Therefore, an arbitrary small imperfection in experimen-
al data can lead to relatively large perturbations of τ A ( λ) and size

istribution of aerosol particles as well. Accuracy of aerosol char-

cterization would normally improve as the turbidity increases,

herefore we have validated our model shortly after front passage,

.e. under fairly the worst situation when the aerosols were effi-

iently removed from atmosphere and τ A was expected to be very

ow. 

The meteorological situation during field experiment on

.9.2019 is documented in Fig. 4 , while the air pressure field is

hown in Fig. 5 . These meteorological maps demonstrate that the

easurements were made under very stable clear sky atmospheric

onditions and the air mass extends thousands of kilometers from

he position of measuring site (see yellow cross). The spectral flux

http://www.shmu.sk
http://www.shmu.sk
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Fig. 6. Signal level at two discrete wavelengths vs. optical air mass. The data were recorded by turbidity analyzer on September 4, 2019 and are shown in arbitrary units on 

a logarithmic scale. 

Fig. 7. Instrument-specific extraterrestrial constant I 0 λ as a function of wavelength. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 8. Atmospheric optical depth τ ( λ) as determined on September 4, 2019, in 

Bratislava (Slovakia). The dark blue line is for average spectrum of I 0 λ , while light- 

blue lines are for minimum and maximum values of I 0 λ obtained within error mar- 

gin of measuring device. The dashed red line is for continuum due to superposition 

of τ A ( λ) and τ R ( λ). 
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(  
density of direct solar radiation has been taken in Bratislava (Slo-

vakia) in the afternoon from 1:27 PM to 7:23 PM of the Central

European Summer Time (UTC + 2). Under stable optical conditions

the logarithm of I λ should be a linear function of optical air mass,

and this is proven in Fig. 6 for two discrete wavelengths, while

similar graphics can be drawn for all visible wavelengths. 

It follows from Eq. (3) that the slope of a linear function in

Fig. 6 changes proportionally with τ ( λ). Daily dynamics of atmo-

spheric turbidity typically results in a certain deviation from the

linearity. As a consequence, some data are scattered around a line

that is the best linear fit to all experimental data. Very clean at-

mosphere therefore represents an ideal tool for obtaining the in-

strument’s extraterrestrial constant. The technique to determine I 0 λ
is known as Langley plot method and uses linear extrapolation of

measured data to M = 0 (lower limit of x-axes in Fig. 6 ). It has to

be understood that the spectrum of I 0 λ is an instrument-specific

property and need not be the same for two different physical de-

vices. Different mountings or filters may result in different I 0 λ as

a function of wavelength. For our device I 0 λ is shown in Fig. 7 .

The ripple structure of solar spectrum is also seen in I 0 λ, but some

small fluctuations can appear due to momentary optical instability,

e.g. turbulence in boundary layer of the atmosphere. 

Experimentally determined atmospheric optical depth is docu-

mented in Fig. 8 as a function of wavelength. The sharp peaks in
ed edge of the visible spectrum are due to oxygen and H 2 O and

hould be subtracted from τ ( λ) when obtaining τ A ( λ) from Eq. (5) .

xcept for the selective absorption, the scattering spectra of τ A ( λ)

nd τ R ( λ) dominate all other effects thus resulting in a continuum

hown in Fig. 8 as dashed red line. All spectral signatures exceed-

ng the continuum level are due to absorption by gaseous con-

tituents, while all other effects are phantom phenomena due to

ignal fluctuation or experimental errors and should be eliminated.

his is why the further analysis is limited to bounded interval from

pproximately 420–440 nm to less than 770 nm. 

Using Eq. (5) and applying data filtering as mentioned above we

ave found nearly inverse relationship between τ A and λ (black

quares in Fig. 9 ). The decline rate of τ A is often expressed in

erms of power law ≈ λ−δ , where δ is Ångström exponent (see

.g. [46] ). In our case δ ≈ 0.9 which is a very common value for

ub-micrometer-sized particles. Note that Ångström exponent 2 or

ore indicates the presence of very small particles, while δ < 1 is

or large dust or see salt particles (for observations made in mar-

time regions; [43] ). We used Tikhonov’s regularization Eqs. (9) and

10) and Mellin transform to retrieve f ( r ) and found that most of
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Fig. 9. Theoretical aerosol optical depth (solid line) that best matches data (black 

squares) experimentally determined on September 4, 2019 in Bratislava (Slovakia). 
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he particles have radii smaller than 0.4 μm (left plot in Fig. 10 ).

he second mode has been identified with both methods at about

.9 μm and is more apparent for rf ( r ) (see right-plot in Fig. 10 ). The

atter is normally the output from Mellin’s transform [44] 

 f ( r ) = 

1 

π2 

∫ ∞ 

0 

[ 
1 − cos ( ry ) 

r y 
− sin ( r y ) 

] (
y 

2 

){ 

τA 

(
y 

2 

)
− τA ( ∞ ) 

} 

dy, 

(12) 

ith y = 4 π ( m − 1) r 0 / λ and r 0 being an arbitrary linear scale such

s the mode of the number size distribution (see also Sec. Analyt-

cal method in [50] ). The scale parameter r 0 is arbitrary, but once

icked is must be held constant. To integrate Eq. (12) aerosol op-

ical depth should be known for all wavelengths, however, this is

enerally impossible because radiometers can only operate over a

imited wavelength range. Applying the anomalous diffraction the-

ry the asymptotic formulae can be find to simulate τ A ( λ) out-

ide instrument’s detection spectral window. For this we have used

qs. 13a and 13b in [28] . It is demonstrated in Fig. 10 that size

istributions of sub-micrometer-sized aerosols obtained from both

ikhonov’s regularization and Mellin’s transform are nearly iden-
ig. 10. Left plot: Columnar number size distribution f ( r ) retrieved from regularization t

or rf ( r ). 
ical, but number concentrations of large particles differ. This is

ot surprising as anomalous diffraction theory is the relevant the-

ry for refractive index approaching unity, although its validity is

xtended to m → 2 [48] . So even if y is large and fixed, the the-

ry requires the refractive index of particles to approach that of

ost medium (air). Therefore we expect rf ( r ) derived from analyt-

cal model (12) should be used to only estimate approximate size

istribution. Coincidentally, Tikhonov’s regularization and Mellin’s

ransform produce similar results, primarily because the refractive

ndex m found from minimizing the functional �α ( Eq. (8) ) is the

eal value close to 1.4. The imaginary part of m is undetectably low,

o we expect that the air contained non-absorbing particles. The

pplicability of Mellin transform to such particles has been vali-

ated in our early study in 1994 [27] . In further we inserted regu-

arized solution to Eq. (6) in order to test how good the size distri-

ution reproduces the aerosol optical depth measured. There is no

oubt that modeled τ A ( λ) matches that of observed profile (com-

are solid line against black square symbols in Fig. 9 ). In addition

he AOD below 0.09 at visible wavelengths is consistent with very

ow values of PM 10 (ranging from 10 to 20 μg/m 

3 ) as measured

y the Slovak Hydro-meteorological Institute in September 4, 2019.

he method is therefore suitable to characterize aerosol on a local

cale and thus allow for more accurate modeling of light pollution

ropagation into ambient environment at night. 

.1. Concluding remarks 

In spite of the great progress in development of methods for

easuring night sky brightness [20] and establishment of ground-

ased monitoring networks in a few countries [5,14,38,40] the ge-

graphical coverage of routine night sky imaging stations is still

xtremely low, and most of data is not collected systematically.

herefore, the theoretical models and numerical methods are (and

till remain) irreplaceable and indispensable tools for predicting

SB at arbitrary place and under arbitrary turbidity conditions. Al-

hough a portable device is useful for in-situ NSB quantification

uring a targeted field campaign, it is impossible to make such ex-

eriments everywhere and at all the time. Therefore, the numerical

odeling serves to benefit light pollution community through the-

retically well-founded night sky brightness prediction, especially

or very isolated places or locations where experimental data are

enerally unavailable. 
echnique (solid line) and Mellin transform (dashed line). Right plot: the same but 
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NSB can vary over wide range depending on aerosol content

and microphysical properties of aerosol, such as aerosol optical

depth and size distribution. The latter is decisive in shaping the

scattering phase function, p ( θ ), which is the probability that pho-

tons are directed to angle θ after scattering in an atmospheric

environment. It is therefore quite clear that phase function pre-

determines the angular distribution of diffuse light in a site, and,

drastic changes of p ( θ ) can have large impacts on NSB grada-

tion, especially at low angular distances to the light sources. The

larger particles, the more pronounced forward scattering rela-

tive to that backward or sideward scattering. Forward scattering

from very small particles is double of that sideward scattering,

but p ( θ ) for particles large compared to the wavelength can vary

over several orders of magnitude when θ floats within its defined

range. The information on the number size distribution of aerosol

particles, f ( r ), is therefore extremely important in making more

accurate predictions of NSB. It has to be understood that aerosol

optical depth τ A at a specific single wavelength λ∗ is not suffi-

cient to qualify and quantify NSB properly because different f ( r )-

functions can produce the same value of τ A ( λ
∗). To determine f ( r )

we either need to inspect AOD as a function of wavelength, or to

gather as much as possible a-priori information on aerosols to de-

rive f ( r ) indirectly. 

In the paper the method for determining aerosol properties

from sunlight measurements is presented, while τ A ( λ) and f ( r ) de-

termined under stable meteorological situation (nearly static air

pressure field) serve as inputs to numerical tool for predicting the

night sky brightness at the site of interest. We have shown that

inversion of τ A ( λ) is possible using different methods even un-

der low turbidity conditions that are worst for identification of

a specific aerosol contribution to the atmospheric optical depth.

The Tikhonov’s regularization and the Mellin transform are coher-

ent in reproducing both the main peak and the position of sub-

sidiary mode of particle size distribution, but Mellin approximation

is limited in range of its applicability. We suggest to use regulariza-

tion technique whenever is possible, while using Mellin transform

for quick estimate in localities with air pollution sources produc-

ing primarily non-absorbing or slightly absorbing particles (e.g. sea

salt, ammonium sulfate, water, sodium chloride, montmorillonite).

The error analysis is in general difficult for the inverse methods,

but the accuracy of the size distribution information obtained from

optical measurements was documented in many studies including

those by Dellago and Horvath [13] and Horvath and Dellago [24] . 
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