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EXx1| |Find, for the previous cases, examples for which ||| £*f|| # ||£]|°

for the “wrong” norm.

EX2 | Find the states (and the pure ones) for the algebra of
n X n| Mmatrices.

EX3| | Prove that the maximal ideals of this algebra correspond
to the points. Hint: functions which vanish on a subset of |R
form an ideal.

EX4| | Removing the requirement that function vanish at infin-
ity, and requiring just that they have a definite limit gives another
algebra. To which topological space it corresponds?

EX5| | Prove that | N |is an ideal.




EX6| | Perform the GNS construction for [Mat(n,C)| starting
from a pure state.

EX7| | Given the algebra |Cgo(R) | consider the two states |d,(f) = f(zg)

and | p(f) = %ﬁg@dme—w%(gg}. Find the Hilbert space in the

two cases.

Ex8 | Make | AN | into a Hilbert module, and discuss its auto-
morphisms.

EX9 | The algebras |C,Mat(C,n)| and |K| compact operators
on a Hilbert space are all Morita equivalent. Find the respective
bimodules.




EX10 | Take| A=C(R)|and |D = iz |.

Prove that the distance

among pure states gives the usual distance among points of the

line d(azl,azg) = |371 — $2|.

dimension |2 |.

EXx11 | Verify that the square, the sphere and the disc have

EX12 | The construction is made for compact Euclidean spaces.

Find two good reasons for which this construction cannot be per-
formed, without changes, for noncompact or Minkowkian space-

times.

as diagonal matrices on

H=C"gqC"

EXx13| | Consider the toy model for which

- and

A

IS

C2| represented

MT 0

D=<O M) Find




Q@@



EX1 | Find, for the previous cases, examples for which | || f* f|| # ||f||2

for the “wrong” norm.

Thats an easy one! Just take |f =e 2 | Then

157 = ([ dee®) =

while

177 = [dwe=2 =2

The su norm in the two cases is instead 1 in both cases.




EX2 | Find the states (and the pure ones) for the algebra of
n X n| matrices.

We know the answer from quantum mechanics. Pure states cor-
respond vectors of the Hilbert space on which the matrices act,
i.e. [n] dimensional vectors. Nonpure states to density matrices,
i.e. hermitean matrices of trace | 1| and positive eigenvalues.

The first statement can be seen as follows. The algebra of
matrices is also a Hilbert space with inner product | Trb*a| By

Riesz theorem then any linear functional will be an element of
the algebra. Then we set

¢(a) = Trpa

p()=1= Trp=1




The fact that the matrix can be positive means that it should
be Hermitean and without loss of generality we can choose a
basis in which it is diagonal, and being positive with positive
eigenvalues. The only way for this diagonal matrix not be be
expressible as convex sum of other matrices of this kind is is
to have all eigenvalues vanishing except one (which should have
value one). This is a pure state, but, considering for example

1 0
p=10 O

1
then defining ¢ = | 0 || we have |¢(a) = Trpa = plagp

back



EX| Prove that the maximal ideals of this algebra correspond to
the points. Hint: functions which vanish on a subset of |R| form
an ideal.

Call the algebra Cp(R). The kernel of the evaluation map at a
point x is

Ip = ker 6y = {f € Cp(R) | f(z) = O}.

This is an ideal since if I multiply a function which vanishes
at =z with any other functions, the product will vanish at x as
well. That it is maximal can be seen because it is surjective
algebra homomorphism onto the complex. But intuitively, if a
function vanishes in two points, it will contained in the ideal
of the functions which vanish at either point, hence it is not
maximal.



Since

I, is @ maximal ideal.

back|



EXx| Removing the requirement that function vanish at infinity,
and requiring just that they have a definite limit gives another
algebra. To which topological space it corresponds?

T he identity is not an element of the algebra, this indicates that
the resulting topological space will be compact.

We now have two more ideals, functions which vanish at plus
or minus infinity. The ideals are no more the whole algebra and
therefore we have two extra points. We have compactified the
real line to the interval, remember that at this stage we are
dealing only with topology, no metric, no other structures.

back|



EX| Prove that [N, | is an ideal

This is a one-line proof: follows from

p(a*b*ba) < ||b]|p(a*a)

since |||p|| = sup{|p(a)| | |la|]| <1} =1| i.e. the norm, which is
one, is the supremum over the vectors of norm less than one,
and |[|abl| < |la]| |||

back



EXx| Perform the GNS construction for | Mat(n,C) | starting from
a pure state.

We will do the construction in gory detail for the two dimensional
case, the generalization being straightforward.

Consider the matrix algebra Mat(n,C) with the two pure states

a1l aio _ a1l a1 _
?1 =a11, > = apy .
an1 ao an1 @)

The ideals of elements of ‘vanishing norm’ of the states ¢q, 9o
are, respectively,

m={lg e} e={m o).



The associated Hilbert spaces are then found to be

;
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action of an element A € M5»(C) on H1 and H»o, we

a1171 +apx2 O _ ,( 21
a1z +agoxp O | ’

L2

a(%)

The equivalence of the two representations is provided by the



off-diagonal matrix
10 1
v=175]-
which interchanges 1 and 2 : U&7 = &>. Using the fact that for

an irreducible representation any nonvanishing vector is cyclic,
from (1) we see that the two representations can be identified.

The procedure generalize to arbitrary n, and also, with little
work, to compact operators.

back



EX| Given the algebra|Cg(R) | consider the two states [§z,(f) = f(xg)

and |p(f) = #ffooodxe_#a(x). Find the Hilbert space in the

two cases.

In the first case N5 is composed of all functions which vanish
at xg. Two function belong to the same equivalence class of
Co(R) /N5 if they differ by any function which vanishes at xzg.
Therefore they must have the same value in g, and we can
identify the class of equivalence with this value. Therefore the
quotient is simply C. Note that by the same token the vaue of
the function at a point is also an irreducible representation of
the algebra. Since the algebra is commutative the only IRR are
indeed C.



In the second case N = 0 since p(f*f) = \/i%ffooo dxe_”32|f(a:)|2
cannot be zero if a 2 0. We then have a faithful (but reducible)
representation.

This state is clearly not pure, for example:

1 1 1 0 .2
o) = G4 = [ dwe ™ fay o [T dee (o)

back|



Ex| Make | AN | into a Hilbert module, and discuss its automor-

phisms

This is almost trivial. An element of A € Ay is just an N-ple
of element of the algebra {A4;} and I can define a right (left)
module as

(CLA)Z = aAi . (Aa)z = Aia

The inner product can be easily defined
(a,b) 4 = alb;
i

The corresponding norm is

n

D> apay

k=1

(a1, - ,an)| 4 =




That AY is complete in this norm is a consequence of the com-
pleteness with respect to its norm. Parallel to the situation of
the previous example, when the algebra is unital, one finds that
End 4(AY) ~ End9(AN) ~ M, (A), acting on the left on AN. The
isometric isomorphism End9(AY) ~ M, (A) is now given by

aiby -+ aiby

End?él(A)al(ala'” ,CLN)> <(b17 7bN)| = E

CLNbT CLNb}kV
V ap,bp € A,

which is then extended by linearity.

The automorphisms of this module are simple N x N matrices
with entries in the element of the algebra. If A is the algebra
Note that for A = Mat(n,C) the same space is also a Hilbert



space, i.e. a Hilbert module over C
(a,byc =) _ Tr agbi
i
While for A = Co(M)

(a,b)c = Z/d,uagbz-

and the completion of the integral gives L2.

back



EX| The algebras |C, Mat(C,n) | and and | K|, compact operators on a Hilbert

space are all Morita equivalent. Find the respective bimodules

For any integer n the algebras M, (C) and C are Morita equivalent
and the equivalence M, (C)-C bimodule is just £ = C"™. The left
action of M,(C) on £ is the usual matrix action on a vector,
while C acts on the right on each component of the vector. The
hermitian products for any two vectors u = (u;) and v = (v;) are
(vl w)c 1= Y=g viw; and y cy{u,v) = [u) (v| which reads u;v; in
components. It is immediate to verify relation (?77?):

Mo (C) (Vs w) u = |v) (w| u = v (w|u)c .
In components all of the above expressions are simply Zj Eiwjuj.
The module £ = C" is free as a right C-module while it is pro-

jective (of finite type) as a left M,(C)-module and C"* = M, (C)p
where p = |v) (v| is any rank-one projection.

10



Generalizing the procedure one shows that the algebra K(H)
of compact operators on a separable Hilbert space H is Morita
equivalent to the algebra C with H the equivalence KC(H)-C bi-
module and hermitian products .y (v, w) = |v) (w| and (v| w)¢ 1=
(v| w)q,. Again H = KC(H)p where p = |v) (v| is any rank-one pro-
jection but now H is not finite generated (i.e. finite dimensional)
over C.

If M is a locally compact Hausdorff topological space, then from
the previous considerations follows that for any integer n the
algebra M,,(C) ® Co(M) ~ M,(Co(M)) is Morita equivalent to the
algebra Co(M).

back



EX| Take |A=C(R)| and | D =id,|. Prove that the distance among pure

states gives the usual distance among points of the line |d(z1,x2) = |z1 — z2|

Given a function a(xz) of the algebra we should consider the

supremum of |a(x1) —a(xzo) subject to the condition on the norm
of [D,a] <1 is

ILD; al|l = [Isup [la’ ()]

clearly the supremum is attained for any function which ha |d/(z) =
1] in the interval [x1,z5], and the behaviour of the function out-
side is irrelevant (it just just be such that it eventually goes to
zero at infinity).

In more dimensions, with genric ~'s with {~+*,~+¥} = g"” the calcu-
lation is more involved for g generic, it goes through a Lipschitz

11



norm, and in the end one obtains the usual geodesic distance
given by the metric tensor.

back



EX | erify that the square, the sphere and the disc have dimension |2 |.

Consider a first square of side L,

O<x <L, O<y<L,
with Dirichlet boundary conditions. The eigenfunctions are
Odmn(x,y) = Sin (mzw) sin (?) , m,n=1,2,...,

and the eigenvalues of —A are

2 2 2

The condition A\pyn < w is

m? —|—n2 < —w.

13



Thus N(w) is asymptotically the number of lattice points in the
positive quadrant inside a circle of radius

L
sz—\/(;.
7T
Hence
1 1 L2 L2
Nw~—7rR2=—7r—w=—w.
() 4 Y 4 g2 47

Consider the two-sphere S% of radius R. The eigenfunctions are
the spherical harmonics

Yim, ¢=0,1,2,..., m=—£,... ¢,
and

—AYpn = MY,



with

L+ 1)
Ap = .
R2
T he multiplicity of Ay is
gy — 20 —|— 1.

The number of eigenvalues up to level ¢ is therefore

14
Ne= > (25 +1)=(+1)2
j=0

For large /,



soO that
0% ~ R%w.

Consequently,

N(w) ~ €2 ~|R%w|

Consider a disc of radius R. In polar coordinates,

92 10 1 92
AN T T ———
Or2 T r or T r2 962
With Dirichlet boundary conditions at »r = R, the eigenfunctions

are

7 :
Qbmn(ra 9) — J‘m| ( |rn;%|,nr> ezmea



where
m € Z, n=12,...,

and ju.n denotes the n-th positive zero of the Bessel function Jy.

T he corresponding eigenvalues are

Jim|,n

R2

Amn =

T hus the counting function is

N(w) = #{(m,n)  jjm| n < RV,

including the twofold degeneracy associated with m and —m for
m #= 0.



The asymptotic distribution of the Bessel zeros gives

2
N(w) ~ %w.

back|



ClelE

EX| The construction is made for compact Euclidean spaces. Find two good

reasons for which this construction cannot be performed, without changes,
for noncompact or Minkowkian spacetimes..

On a noncompact space a derivative operator such as the original
Dirac operator does not have a discrete spectrum, and there-
fore our construction based on the eigenvalues of D will not
count. This a technical infrared problem, and on can circumvent
it putting the system “in a box" .

A Minkowkian noncompact space in somewhat unnatural, and
not compatible with causality, what happens to the light cones?
Things can be done, for example defining space with pseudonorms,
called Krein spaces. back

14



EXx| Consider the toy model for which | A|is C2|represented as di-

agonal matriceson | H =C" g C"| and | D = (]\% Ag) . Find | D4

T he exercise really has to do with finding one forms. We will
solve it using some more sophisticated mathematics, which will
help us introduce some concepts we overlooked in the lecture.

Consider a space made of two points Y = {1,2}. The algebra
A of continuous functions is the direct sum A = C & C and
any element f € A is a pair of complex numbers (f1, f>), with
f; = f(i) the value of f at the point i. An even spectral triple
(A, H,D,~) is constructed as follows. The finite dimensional
Hilbert space H is a direct sum H = H1 D Ho and elements of A

15



act as diagonal matrices

f1ldim# 0 >
AS f— 1
! ( 0 f21ldim 7,

There is a natural grading operator ~ given by

N = 1dim Hq 0
0 _1dim7-L2

An operator D — being required to anticommute with v — must
be an off-diagonal matrix,

M* O
With f € A, one finds for the commutator

[D,f]=(f2—f1)<_]?4* Ag) ,

D:( 2 M), M € Lin(Ho, H1) .



and for its norm, ||[D, f]|| = |f>— f1|\ with X the largest eigenvalue

of the matrix |M| = vM*M. Therefore, the noncommutative
distance between the two points of the space is found to be
1

a(1,2) =sup{lf— Al | DAl <1}=7 .

Since D is a finite hermitian matrix, this geometry is just ‘O-
dimensional’ and the only available trace is ordinary matrix trace.

It turns out that for this space, and for more general discrete spaces as well, it
is not possible to introduce a real structure which fulfills all the requirements.
It seems that it is not possible to satisfy the first order condition.

We now construct the exterior algebra on this two-point space.
The space Q1A of universal 1-forms can be identified with the
space of functions on Y x Y which vanish on the diagonal.



Since the complement of the diagonal in Y X Y is made of two
points, namely the pairs (1,2) and (2,1), the space Q1A is two-
dimensional and a basis is constructed as follows. Consider the
function e defined by e(1) = 1,e(2) = 0O; clearly, (1 —e)(1) =
0, (1—e)(2) =1. A possible basis for the 1-forms is then given
by(*]
ebe, (1 —e)d(1—e),

and their values are

(ede)(1,2) =—-1, (1 —-e)é(1—-¢))(1,2)=0
(ede)(2,1) =0, ((1—-e)é(1 —¢e))(2,1) = -1 .

where I defined de = [D, e].

*Here I am oversimplifying a construction based on cyclic cohomolgy.



Any 1-form can be written as a = Xede 4+ u(1 — e)d6(1 — e), with
A, 1 € C. One immediately finds that

e[D,e]=(8 ‘f) , (1)

<1—e>[D,1—e]=(_j?4* 8>, (2)

and a generic 1-form a = Xede + p(1l —e)dé(1 —e) is

_ 0O M
> = uM* 0O

Hermitean one forms have pu = .

back



